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Abstract 
 
 Within this work an investigation into the tunnelling magnetoresistance (TMR) 
will be presented. A base numerical model is developed to describe the tunnelling 
through a magnetic tunnel junction (MTJ) so that a simple analytic model can be 
compared. These models have been extended to the crystalline barrier MTJs. This 
numerical model was based upon an enhanced Wentzel-Kramers-Brillouin (EWKB) 
method to describe the tunnelling current density. By correctly considering realistic 
MTJ parameters, the key result was found to be the correct handling of the effective 
masses in of the three MTJ layers. The extracted barrier-heights of 3.5-4eV is much 
higher than found previously and closer to the half band-gap result expected. It is then 
clear that the correct treatment of the parameters produces a far more realistic result. 
The key parameter which can be extracted from the I-V characteristics is the product 
b
Vdm
* , where m
*
 is the effective mass of the barrier, d is the effective barrier 
thickness and Vb is the effective barrier height. 
 
 The analytic solution is a transparent model in which the key material 
parameters are visible and simple enough to be applied by experimental researchers to 
MTJs. The accurate modelling of both the prefactor and exponent are crucial to 
estimating the TMR. A simplified analytic result was produced that is in good 
agreement with numerical and experimental results. 
 
 The numerical and analytic model are then extended to describe the TMR 
through a crystalline Fe(001)/MgO(001)/Fe(001) trilayer system. The calculation is 
based on the free-electron-like numerical solution providing a functional dependence of 
the TMR. The results were found to be in excellent agreement with the ab initio models 
and experiment. Furthermore a simplified analytic expression shows the TMR is 
dependent on the band-widths of the tunnelling electron states, the coupling and the 
thickness of the barrier. These models will be of great benefit to both experimental and 
theoretical researchers. 
 iv 
 
 
 
Acknowledgements 
 
 
I would like to take this opportunity to thank the people who have helped me 
over the last few years towards the completion of this thesis, of which there 
are several.  
 
First of all I would like to thank my supervisor John Inkson. Without his help, 
patience and encouragement this thesis would not exist. 
 
There are also those who have helped me in so many other capacities both 
inside and outside of the office whether it’s something as simple as making 
me tea or playing a game of tennis or squash. So I would like to thank Dan 
Edmunds, Paul Keatley, Nathan Maine, Steve Hepplestone, Luke Hounsome, 
Cathrine Blake, Jon Wills, Cathryn Hydes, Kevin Thorne, Lizzy Darnill, Suzie 
Burrow and Simon Masterman. 
 
I would also like to thank my family who have always been there for me. 
 
Finally I would like to give a special mention to Abby for all your love, 
support and for simply just being there for me throughout my PhD. 
 
Thank you,  
Matt 
 v 
 
 
 
Contents 
 
Title .........................................................................................................i 
Declaration .............................................................................................ii 
Abstract ..................................................................................................iii 
Acknowledgements ................................................................................iv 
Contents ..................................................................................................v 
List of Symbols.......................................................................................ix 
Publications ............................................................................................xi 
Chapter 1 – Introduction ......................................................................1 
Chapter 2 – Theoretical background of magnetic  
 tunnel junctions ...............................................................6 
2.1 Introduction ..............................................................................................6 
2.2 Magnetism .................................................................................................6 
2.2.1 Magnetic order within solids.......................................................6  
2.2.2 Basic quantum mechanics ...........................................................8 
2.2.3 The exchange integral 9 
2.3 Band structure ..........................................................................................15 
2.3.1 The free electron model ...............................................................15 
2.3.2 The nearly free electron model ...................................................18 
2.3.3 Hund’s rules..................................................................................20 
2.3.4 Band structure of ferromagnetic materials ...............................22 
2.3.5 Band Structure of insulator/semiconductor materials in  
relation to tunnelling ...................................................................24 
2.4 Quantum mechanical tunnelling .............................................................25 
2.4.1 Tunnelling through a square potential barrier .........................25 
 vi 
2.4.2 The Wentzel-Kramers-Brillouin model .....................................29 
2.5 Theoretical literature................................................................................31 
2.5.1 Simple Tunnelling Magnetoresistance models ..........................31 
2.5.2 The Julliere model ........................................................................32 
2.5.3 Spin polarisation models..............................................................34 
2.5.4 Current density models................................................................36 
2.5.4(a) The Simmons and Brinkman models.....................................36 
2.5.4(b) Tight binding theory of current density ................................41 
2.5.4(c) Current density calculation based on the  
transfer-matrix method ..........................................................42 
2.5.4(d) Current density calculation based on the  
WKB approximation...............................................................44 
2.5.4(e) Review of simple tunnelling models .......................................46 
2.5.4(f) Tunnel junctions based on a crystalline  
insulating layer 46 
2.6. Summary ..................................................................................................49 
 
Chapter 3 – Experimental background...............................................50 
3.1. Introduction .............................................................................................50 
3.2. Fabrication and measurement of magnetic tunnel junctions ..............50 
3.2.1. Magnetron Sputtering.................................................................51 
3.2.2. Molecular beam epitaxy..............................................................54 
3.2.3. Measurement using 4-point probe technique ...........................57 
3.3. Tunnelling criteria ...................................................................................58 
3.4. Experimental literature...........................................................................59 
3.4.1. Tunnelling magnetoresistance 59 
3.4.2. Barrier materials for enhanced tunnelling  
Magnetoresistance .......................................................................61 
3.4.3 Electrode materials for enhanced tunnelling  
Magnetoresistance .......................................................................64 
3.4.4 Review of magnetic tunnel junctions with  
amorphous barriers .....................................................................67 
 vii 
3.4.5 The MgO magnetic tunnel junctions ..........................................68 
3.5. Summary ..................................................................................................69 
 
Chapter 4 – Numerical approach to magnetic  
 tunnel junctions ................................................................71 
4.1. Introduction .............................................................................................71 
4.2. The model basis........................................................................................72 
4.3. The transmission coefficient ...................................................................75 
4.4. Basic model and numerical solution ......................................................83 
4.5. Numerical results and comparison to the Simmons model..................89 
4.6. Numerical calculation of the tunnelling magnetoresistance ................96 
4.7. Summary ..................................................................................................104 
 
Chapter 5 – Analytic approach to magnetic  
 tunnel junctions ................................................................106 
5.1. Introduction ......................................................................................106  
5.2. Low voltage approximation .............................................................107 
5.3. Treatment of the prefactor ..............................................................111 
5.4 The analytic expression .....................................................................118 
5.5 Tunnelling current density and magnetoresistance of  
  amorphous barrier tunnel junctions ...............................................122 
5.6 Summary ............................................................................................128 
 
 
Chapter 6 – Interface scattering and the tunnelling  
 magnetoresistance of Fe(001)/MgO(001)/Fe(001)  
 junctions ............................................................................130 
6.1. Introduction .............................................................................................130 
6.2. Overview of MgO as an insulating layer ...............................................130 
6.3 Symmetry considerations of single crystal systems ...............................131 
 viii 
6.4. The basic physics for the Fe(001)/MgO(001)/Fe(001) 
magnetic tunnel junction.........................................................................134 
6.5. The simple coupling model .....................................................................137 
6.6. The TMR of an Fe(001)/MgO(001)/Fe(001) system..............................144 
6.7. Summary ..................................................................................................149 
Appendix 6.1. Character tables for the point groups Oh , D4h and C4v .......150 
 
Chapter 7 – Conclusions and future work ..........................................151 
 
References...............................................................................................155 
 ix 
 
 
 
List of Symbols 
 
Although this list of symbols is not exhaustive, it acts as a quick reference to some of 
the more commonly used symbols within this thesis 
 
B  Magnetic field 
C   Conduction band state 
d  Barrier-thickness 
D(E)  Density of states 
EF  The Fermi energy 
 Eg  The energy gap between the conduction and valance bands 
En,k  Energy of electron n with wave vector k 
g  Spectroscopic splitting factor 
 ħ  Planck’s constant 
H  Applied magnetic field 
J  Current density 
0k   Effective wave vector of the barrier height 
K  Electron wave vector 
B
K   Boltzmann’s constant 
l  Angular quantum number 
N  Total number of electrons in a system 
W
N   Molecular field 
 *m   Effective mass 
 
e
m   Free electron mass 
 
l
m   The magnetic quantum number 
s
m   The spin quantum number 
n  The principle quantum number 
 x
pˆ   The momentum operator 
i
p   The momentum in direction i 
P  Polarisation of an electrode 
q  Effective wave vector in the emitter electrode 
R  Resistance 
S  Conduction band / valence band mixing parameter 
T  Transmission coefficient 
C
T   Currie temperature 
( )rku   Cell periodic part of the electron wave function 
U  Barrier height  
V  Applied voltage 
VF  Fermi volume of the system 
V(x)  Potential at position x 
B
V   Barrier-height above the Fermi energy 
X , Y , Z  Valence band states 
α, β  Correction parameters for the Airy function transmission 
( )xVE ,,γ  Effective wave vector of an electron inside an insulator at energy 
E, voltage V and position x. 
( )dVE ,,Γ  Effective wave vector incorporating correction parameter α 
( )xVE ,,Κ  Effective wave vector incorporating correction parameter β 
κ  Effective wave vector of an electron inside an insulator 
λ  Electron wave length 
B
µ   Bohr magneton 
( )rφ   Potential as a function of r 
χspin  Spin wave function 
( )1rnψ   Wave function of electron n at position r1 
( )21, ,rrmnψ  Two electron wave function at position r1 and r2  
 
 xi 
 
 
 
Publications 
 
Interface scattering and the tunneling magnetoresistance of 
Fe(001)/Mg(O01)/Fe(001) junctions 
M. E. Eames and J. C. Inkson 
APPLIED PHYSICS LETTERS 88, 252511 (2006) 
 
  1
 
 
 
 
 
Chapter 1. Introduction 
 
  
Mankind’s early growth and development was marked by a fascination with the 
properties of magnets and magnetisation. Magnetic properties have been observed since 
at least 2500 years ago in Western Turkey, formally part of Ancient Greece [Young 
1996]. Although it has been claimed that the Chinese were using lodestone in 
compasses for navigation before 2500B.C. [Morrish 1980].  
 
 The first description of magnetite was mentioned by Socrates in the 4
th
 century 
B.C. where magnetite can induce iron to have attractive powers. Even though the main 
use of Lodestone was for the construction of the compass, it wasn’t until Gilbert’s De 
Magnete was published in 1600 that a fundamental understanding of the Magnetism 
was known. Here he linked the polarity of the magnet to the polarity of the Earth by 
describing the centre as a spherical lodestone. Coulomb provided a qualitative 
description and described the existence of two types of poles (north and south). The 
force exerted on unit positive (north) pole at a point a distance from the source was 
defined as the magnetic field . 
 
 The properties of magnetic fields have been used in many applications such as 
permanent magnets in fridge doors and car motors, to large electromagnets used in 
particle accelerators. Since the development of quantum mechanics in the early 20
th
 
century by De Broglie, Bohr, Heisenberg and Schrödinger, amongst others, new physics 
was discovered using thin films on the Angstrom scale.  
 
 
Thomson first discovered the magnetoresistance (MR) effect in 1957. It is 
defined as the property of a material to change resistance when an external magnetic 
field is applied. In a simple spin valve structure a metallic spacer layer separates two 
ferromagnetic electrodes. The electrodes have a well defined magnetic orientation since 
there are more spin up electrons with magnetic moment which orientate in antiparallel 
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with the applied field than spin down electrons with magnetic moment which align in 
parallel. When a voltage is applied, the current flows through the structure. The 
majority-spin electrons scatter less and therefore have a smaller resistance.  
 
When the magnetisation of the electrodes is aligned in parallel the resistance 
state is low. However, when the magnetisation of the electrodes is aligned in antiparallel 
the resistance state is high. However the difference is low at around 5% at room 
temperature and the resistance of the junction is of the order of 10Ω. 
 
Baibich first observed the Giant Magnetoresistance (GMR) effect in 1988 
[Baibich 1988]. Fe(001)/Cr(001) multilayer structures were fabricated and the 
resistance of the junction was reported to decrease by a factor of 2 in a magnetic field of 
2T. The effect was described in terms of spin dependent transport through the Cr layers.  
 
This large GMR effect has now been utilised extensively in read heads in 
modern hard drives.  
 
 A magnetic tunnel junction (MTJ) consists of two ferromagnetic materials 
separated by a thin non-magnetic insulating layer. Unlike the structures that exhibit a 
large GMR or OMR effect, the insulator increases the resistance of the structure to the 
order of Mega ohms. This if utilised in magnetic sensors would have an increased 
sensitivity. 
 
The tunnel magnetoresistance (TMR) effect was first described by Julliere in 
1975 [Julliere 1975] and describes the change in resistance as the magnetic alignment of 
the electrodes switches between parallel and antiparallel. Using junctions of the type 
Fe/Ge/Co a TMR of 14% was found at low temperatures. However as the temperature 
increased this effect decreased rapidly. The effect was explained in terms of the spin-
split density of states in the electrodes. 
 
 In 1995 Moodera found consistently high TMR at room temperature using 
junctions with Al2O3 insulators sparking wide technological interest into the field over 
the last 11 years with potential applications such as magnetic read-heads and MRAM 
replacing semiconductor-based devices. The junctions have a much larger resistance 
than the GMR device of approximately 0.1MΩ increasing the sensitivity of the device.  
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 The TMR of the junctions based on Al2O3 have been limited by a maximum 
ratio of 41% at room temperature at low bias limiting the possible use in devices [Wang 
2004]. Recently, interest has now moved to the MTJs based on epitaxial crystalline 
barriers such as MgO(001). Here the symmetry of the electronic structure is utilised to 
spin-filter the tunnelling current. Theoretically these devices have been predicted to 
have a TMR ratio of the order of 93% [Mathon 2001]. Up until 2004 the TMR was 
found to be limited by a modest 47% at room temperature, much lower than that 
predicted [Yuasa(1) 2004]. These results have been exceeded by junctions consisting of 
FeCoB(001)/MgO(001)/FeCoB with a TMR of 78% making these junctions much more 
practical [Lee 2006].   
 
This thesis describes and explains the MTJ. A systematic study is presented with 
the ultimate aim of accurately modelling the current density through a crystalline 
Fe(001)/MgO(001)/Fe system with a simple analytic expression.  
 
Chapter 2 is concerned with the theoretical background required to understand 
this thesis. This will begin with the physics of magnetism including the discussion of 
magnetic order in solids and the origin of Ferromagnetism. The basics of electronic 
band structure and its application to material properties of Ferromagnetic materials and 
insulators will then be discussed followed by quantum mechanical tunnelling. The 
chapter will finish with a discussion of the literature which describes recent research 
into MTJs. This will include the simple analytic tunnelling models, numerical models to 
describe the tunnelling current density and ab initio models to describe the 
Fe(001)/MgO(001)/Fe(001) junctions. 
 
In chapter 3 the experiments relevant to MTJs will be described. This will begin 
with the techniques which are commonly used to fabricate MTJs, namely magnetron 
sputtering and molecular beam epitaxy.  The merits of each method will then be 
analysed and how a measurement is carried out for the characterisation of the MTJ will 
be briefly explained. The practicalities of MTJs to real devices will be examined. Thin 
barriers with a large TMR signal are necessary for the potential applications. However, 
this increases the potential for pinholes through the barrier creating ballistic current. 
Non-invasive techniques are outlined which can be used to determine the quality of the 
junctions. Finally we will survey the literature relevant to TMR experiments. This will 
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start with the experiments which have created interest into the field, the effects of 
different materials within the junction and how the current theories relate to the results. 
This will finish with the experiments using crystalline MTJs based on a MgO(001) 
insulator where extremely large TMR ratios have been predicted theoretically using 
complicated models.  
 
In chapter 4, a base numerical model for the current density through a realistic 
MTJ will be proposed to which an analytic solution can be compared. The key 
differences between our model and the simple Simmons-like models will be examined 
leading to more realistic extraction of the experimental parameters of barrier-height and 
barrier-thickness [Simmons(1) 1963]. The probability of transmission through the 
insulator is considered using WKB wave functions in the barrier region. For the first 
time an Enhanced WKB (EWKB) solution to the transmission is put forward. This 
analysis allows numerical calculation of the tunnelling current for a much wider range 
of junction parameters including higher applied voltages in comparison to the standard 
WKB based models [Lee 2004]. The calculation is then used to predict the behaviour of 
the TMR of a simple MTJ of the type Fe/I/Fe, where the insulator (I) is a simple 
polycrystalline material such as Al2O3, Y2O3 or Ta2O5. The results are then compared to 
the more complicated transfer matrix and tight binding theories.  
 
Chapter 5 will develop a simple analytic model which can be utilised in 
experimental systems involving MTJs. This will lead to a simplified Julliere like model 
capable of predicting the dependencies of the MTJ for a wide range of junction 
parameters. The assumptions used to simplify the complicated expression are described 
in detail resulting in an accurate description of the current density. The model is 
compared directly to the Simmons model and our numerical model as described in 
chapter 4. The extracted parameters of barrier-height and barrier-thickness are in strong 
agreement with the numerical analysis with small errors for realistic MTJs. The 
magnetoresistance will then be calculated and related to previous theory and 
experiment. 
 
In chapter 6 a simple free-elctron-like model will be proposed to describe the 
TMR of an Fe(001)/MgO(001)/Fe(001) MTJ. The symmetry considerations of the 
crystalline system will be discussed in some detail to allow a simplified calculation of 
the TMR in agreement with ab initio models and experiment. The band structure will be 
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modelled using the k.p method using a simple basis. We find the TMR is dominated by 
the current on axis and the coupling of the bands is crucial to finding TMR less than 
100%. This gives an experimental measurement similar to the development of the 
Julliere model for the simple MTJ structures where the symmetry matching at the 
interface is not important.  
 
In Chapter 7 the work carried out for this PhD is summarised and suggestions of 
future work to extend the models developed is discussed. 
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Chapter 2. Theoretical background of 
magnetic tunnel junctions 
 
2.1 Introduction 
 
In this section the theories which have been developed for the mechanism and 
effects of magnetism in ferromagnetic materials will be described. A simple band 
structure of the materials used in magnetic tunnel junctions will be described. Quantum 
mechanical tunnelling through a simple square potential barrier is formulated and the 
recent literature relevant to magnetic tunnel junction which utilise the novel properties 
of spin will be discussed.  
 
 
 
2.2 Magnetism 
 
2.2.1 Magnetic order within solids 
 
There are three major sources of the magnetic moment of a free electron: the 
spin of the electron; the orbital angular momentum about the nucleus; and the change in 
the orbital moment induced by an externally applied magnetic field. 
 
The first two effects are paramagnetic and the third, a diamagnetic effect. Kittel 
[Kittel 1996] has defined diamagnetism as the tendency of electrical charges to partially 
shield the interior of a body from an applied magnetic field. The material becomes 
magnetised in the opposite polarity under the application of an external field and are 
thus repelled. Paramagnetism is due to unpaired electrons where the total spin is not 
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zero. The induced magnetisation is parallel to the applied external field such that the 
material becomes attracted to the external field.  
 
The magnetic susceptibility is defined as the magnetic moment (M) per unit 
volume per unit macroscopic magnetic field intensity. Materials with a positive 
susceptibility are called paramagnetic while materials with a negative susceptibility are 
called diamagnetic. Even if materials have filled electron shells and therefore zero 
orbital and spin angular momentum they will still exhibit diamagnetism. 
 
Strong coupling between dipole moments results in three magnetic substances, 
ferromagnetic materials, antiferromagnetic materials, and ferrimagnetic materials. If the 
magnetic moments are aligned in parallel the substance is known as ferromagnetic and a 
net magnetisation is observed even in zero applied field. Only a small field is required 
to produce a magnetic moment much larger than in a paramagnetic substance [Morrish 
1980]. However, above the Curie temperature the substance becomes paramagnetic as 
the coupling between dipole moments is removed and becomes random.  
 
In antiferromagnetic materials, neighbouring groups of equal magnetic moment 
align antiparallel and therefore create no net magnetisation. Ferrimagnetism is a special 
case of antiferromagnetism. When the groups are aligned in antiparallel, a net 
spontaneous magnetic moment remains due to unequal magnetic moments within the 
groups. This could be the case with alloys of two different materials. At temperatures 
above the Néel temperature, the temperature at which spontaneous magnetisation 
vanishes, both ferrimagnetic and antiferromagnetic materials lose magnetic order.  
 
Only a few elements show ferromagnetic behaviour at room temperature. These 
are the 3d transition metals: Iron (Fe
26
), Cobalt (Co
27
) and Nickel (Ni
28
). In these 
elements the 3d band is not filled and therefore has a permanent spin and orbital 
moment creating a spontaneous magnetic moment. At low temperatures Gadolinium 
(Gd
64
), Terbium (Tb
65
), Dysprosium (Dy
66
), Holmium (Ho
67
), Erbium (Er
68
) and 
Thulium (Tm
69
) are also ferromagnets. The majority of Ferromagentic materials are 
alloys and ionic compounds. 
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2.2.2 Basic quantum mechanics 
 
Bohr devised the first model to describe the atom. The model was based in one 
dimension so required only one coordinate or quantum number to describe the state of 
the electron and was given the label n. This first number is the principal quantum 
number which defined the size of the orbit of the electron and primarily determines the 
energy of the electron. The allowed values of n are positive integers but cannot be zero, 
i.e. 1, 2, 3, 4.  
 
In solids as described by Schrödinger’s wave equation, the electrons could 
occupy three dimensions and thus require a further two coordinates or quantum 
numbers to fully map the orbital. The angular quantum number, l, is the shape of the 
orbital which is described as spherical (l=0), polar (l=1) or cloverleaf (l=2) as shown 
by Fig. 2.1. The angular quantum number can only take the integer values between 0 
and n-1. Hence if n=3, l=0, 1 and 2. For a given value of l the total angular momentum 
of an electron due its orbital is given by the relation [l(l+1)]
1/2
  h .  
 
A spherical orbital can only have one orientation in space, however, orbitals that 
have more complicated shapes can have more than one orientation. To describe this 
orientation we use the third quantum number ml, the magnetic quantum number, which 
can have any integer value between –l and l. For n=2 and l=1, the possible values of ml 
are -1, 0 and 1. This quantum number describes the component of the orbital angular 
momentum along a specified direction such as an applied magnetic field. 
 
Orbitals which have the same principle quantum number, n, form a shell. 
Orbitals within the same shell with the same angular quantum number form a subshell. 
The subshells are labelled conventionally with the letters s, p, d, and f, for values of l 
corresponding to 0, 1, 2, and 3 respectively. 
 
The electron has two possible values for the spin quantum number, ms, which 
describes the direction of rotation as an electron acts as if it is rotating around an axis 
through the centre. The electron is arbitrarily given an orientation of either plus or 
minus ½ whether the electron spins parallel or antiparallel to an external magnetic field. 
If the electron aligns antiparallel to the external magnetic field it is said to be in a spin 
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up state, and in a spin down state when in parallel. Each orbital can therefore have up to 
two distinct electrons of opposite spin.  
 
 
Figure 2.1. Shape of an orbital with l = 0 (spherical), l = 1 (polar) and l = 2 (cloverleaf). 
 
 
 
 
2.2.3 The exchange integral 
 
An atom with angular momentum must have a magnetic moment. The orbital 
angular momentum creates a magnetic moment, which in turn creates a component of 
the magnetic moment along the direction of the applied magnetic field. 
 
A degenerate state consists of more than one electron with the same energy. 
However, due to the Pauli exclusion principle each electron must have a different set of 
quantum numbers. A twofold degenerate state has two electrons with the same energy 
and can be found when l=0, the two electrons have spin of +½ or -½ respectively. When 
a magnetic field is applied to the state, it will become spin split. The effect is known as 
the Zeeman effect as shown by Fig. 2.2. The level is split in an applied field by the 
Zeeman energy 
 
 ∆E = gµ
B
H  ,        2.2.1 
 
z z 
z 
y y 
y 
x 
x x 
Spherical Polar Cloverleaf 
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where g is the spectroscopic splitting factor, µB is the Bohr magneton and H is the 
applied magnetic field. 
 
 
Figure 2.2. Zeeman splitting of a twofold degenerate level by an applied field H.  
 
The magnetic dipole interaction is too small to account for magnetic ordering 
within ferromagnetic materials. For these low interactions thermal disorder and 
temperature effects would destroy any moments created between dipoles. However, 
ferromagnetic materials have a Curie temperature of the order 1000K so there must be a 
stronger interaction creating magnetic order. The interaction energy of one dipole due to 
the magnetic field, B, of another dipole separated by the interatomic spacing, r, is given 
by 
 
 E = µ
B
B =
µ0µB2
2pir3
 ,       2.2.2 
 
Using the separation of atoms in Fe, 3Å, the thermal energy required to break the dipole 
moment would be in the order of 0.2K. At room temperature the thermal energy is 
much stronger and breaks the tendency for dipole-dipole interactions to align.  
 
The required interaction for magnetic ordering could easily be explained by a 
quantum mechanical interaction. Heisenberg, based on the Heitler-London model for 
molecular hydrogen, showed that the Weiss field was the exchange interaction and 
produced a quantum mechanical explanation of magnetism. Weiss suggested that the 
spontaneous magnetisation of Fe was due to the alignment of the atomic magnetic 
moments. A molecular field is created proportional to the magnetisation and is 
equivalent to some internal magnetic field, Hm. This method is a classical approach 
which permits an estimate of Hm. Although the origin of the magnetisation was 
unknown, a phenomenological theory was developed by assuming that Hm was 
proportional to the magnetisation M such that 
 
 H
m
= N
w
M  ,        2.2.3 
µB H g|µB|H 
ms=½ 
ms= -½ 
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where Nw is the molecular field constant. An estimate of the molecular field strength is 
given by realising that thermal fluctuations of dipoles work to oppose the aligning effect 
of the molecular field. Therefore for a dipole moment of one Bohr magneton with a 
Curie temperature of 1000K, the Weiss field is given by 
 
 µ
B
H
m
≈ K
b
T
C
 ,       2.2.4 
 
and we find an estimate of the molecular field Hm=10
7
Oe or 10
3
T, where Kb is the 
Boltzmann constant. 
 
This exchange interaction has been described by Morrish [Morrish 1980] and 
Ashcroft [Ashcroft 1976]. If we consider two non-interacting but distinguishable 
electrons at co-ordinates r1 and r2 moving in similar fields V(r1) and V(r2) which can be 
described by the Schrödinger equation 
 
 
  
−
h
2
2m
∇12 + ∇22( )+ V r1( )+ V r2( ) 
 
 
 
 
 ψ = Eψ  ,    2.2.5 
 
two possible solutions for the two electron system are  
 
 ψ n,m r1,r2( )=ψn r1( )ψm r2( ) ,      2.2.6 
ψ n,m r1,r2( )=ψn r2( )ψm r1( ) .      2.2.7 
 
For both 2.2.6 and 2.2.7 E = E n + E m. Here ψn(r1) and ψm(r2) are the single electron 
wave functions when one electron at position r1 is in state n and when one electron at 
position r2 is in state m respectively. Likewise ψ n (r2) and ψ m (r1) are the wave 
functions when the co-ordinates of the two electrons are interchanged. Since the 
electrons are indistinguishable it is necessary that  
 
ψ 1,2( ) r1,r2( )2 dr1dr2 = ψ 2,1( ) r1,r2( )2 dr1dr2  ,    2.2.8 
 
where ψ (1,2)(r1,r2) is the wave function which describes the two electron system and 
ψ (2,1)(r1,r2) is the wave function when the electrons are exchanged. Under an 
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interchange of electrons, we can obtain wave functions which are either symmetric or 
antisymmetric such that either 
 
ψ 1,2( ) r1,r2( )= +ψ 2,1( ) r1,r2( ) ,      2.2.9 
or  ψ 1,2( ) r1,r2( )= −ψ 2,1( ) r1,r2( ).                2.2.10 
 
Neither solutions 2.2.6 nor 2.2.7 have these properties and are therefore not acceptable. 
We find that the only possible solutions are the linear combinations of the two wave 
functions given by 
 
ψ
sym
1,2( ) r1,r2( )= 1
2
ψ
n
r1( )ψm r2( )+ψn r2( )ψm r1( )[ ] ,   2.2.11 
ψ
anti
1,2( ) r1,r2( )= 1
2
ψ
n
r1( )ψm r2( )−ψn r2( )ψm r1( )[ ] .   2.2.12 
 
Here the factor 1
2
is the normalisation constant. It is assumed that the wave functions 
ψ
n
(r1) and ψ
n
(r2) are already normalised. Experiment has shown that electrons have 
wave functions in accordance with the Pauli exclusion principle and are always 
antisymmetric. McMurry [McMurry 1996] states the symmetry requirement: the 
complete wave function describing a many particle state is antisymmetric under the 
exchange of any pair of identical fermions such as electrons. If we have two electrons 
described by the set of quantum numbers n≡m we find 
 
ψ 1,2( ) r1,r2( )≡ψ 2,1( ) r1,r2( ).      2.2.13 
 
Comparing 2.2.13 with 2.2.12 we can see that the antisymmetric configuration 
ψ
anti
1,2( ) r1,r2( ) vanishes as the wave functions are indistinguishable. Therefore two 
electrons within the same many body system can not be in the same identical quantum 
state which is better known as the Pauli exclusion principle.  
 
Single electron wave functions are not just functions of position but also 
functions of spin. If we assume that there is no orbital motion such that there is no spin 
orbit interaction we can express the single electron wave function as 
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ψ r1,r2( )=ψspace r1,r2( )χspin  ,       2.2.14 
 
Where the spatial and spin components must have opposite symmetry under the 
exchange of the two electrons. The spin angular momentum along the axis of 
quantisation can have only two possible values of 
  
± h
2
. If a magnetic field is applied in 
the z direction there will be an induced magnetic moment µz with magnitude µB aligned 
either parallel or antiparallel to the field. There are now two possible antisymmetric 
wave functions which describe the two electron system 
 
ψΙ r1,r2( )=ψsym r1,r2( )χanti r1,r2( ) ,     2.2.15 
ψΙΙ r1,r2( )=ψanti r1,r2( )χ sym r1,r2( ) ,     2.2.16 
 
χanti (r1,r2) and χsym (r1,r2) are explicitly the antisymmetric and symmetric spin wave 
functions and therefore must be functions of ms and S where S=Σms. Similar to the 
derivation of the spatial wave functions, these are the linear combinations of the single 
electron eigenspinors corresponding to an electron in state {S,ms} 
 
ψ
spin
±( )
=
1
2
χ
Sms
1( ) χ
Sms '
2( ) ± χ
Sms
2( ) χ
Sms '
1( )[ ] ,     2.2.17 
 
where + and – refer to the symmetric and antisymmetric configurations respectively. 
These combinations of the representations of the spatial and spin components give rise 
to two states. The singlet state defines the state when the spin aligns antiparallel to the 
magnetic field, when S = 0. The triplet state defines the state when the spin aligns 
parallel to the magnetic field where S = 1 and MS, the component of S along the 
direction of field, is 1, 0 and -1. These states can be expressed in terms of χ
ms
as 
 
ψ
S
− r1,r2( )= A ψn r1( )ψm r2( )+ψn r2( )ψm r1( )[ ] χ+1 21( ) χ−1 22( ) − χ−1 21( ) χ+1 22( )( ), 2.2.18 
and  ψ
T
+ r1,r2( )= B ψn r1( )ψm r2( )−ψn r2( )ψm r1( )[ ]
χ+1 21( ) χ+1 22( )
χ+1 21( ) χ−1 22( ) + χ+1 22( ) χ−1 21( )
χ
−1 2
1( ) χ
−1 2
2( )
 
 
  
 
 
 
 .    2.2.19 
 
Here A and B are the normalisation factors.  
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If we consider an interaction between two electron systems such as the two 
nuclei, a and b, of a hydrogen molecule. The interaction potential is given by  
 
  
) 
V 12 = e
2 1
r
ab
+
1
r12
−
1
r1b
−
1
r2a
 
 
 
 
 
  ,      2.2.20 
 
where rab is the distance between the two nuclei, r12 is the distance between electrons 
and r1b and r2a are the distances between a given nucleus and the electron on the other 
atom. Using quantum mechanical perturbation theory the additional energies of the 
wave functions are given by 
 
  
E = ψ*∫
) 
V 12ψdτ  ,       2.2.21 
 
Substituting the singlet and triplet wave functions into 2.2.21 we find the additional 
energy is  
E
S
= A
2
K12 + J12( ) ,       2.2.22 
( )12122 JKBET −=  ,       2.2.23 
 
where   
  
K12 = ψa* r1( )ψb* r2( )) V 12ψa r1( )ψb r2( )dτ1∫ dτ 2  ,              2.2.24 
and   
  
J12 = ψa* r1( )ψb* r2( )) V 12ψa r2( )ψb r1( )dτ1∫ dτ 2 .              2.2.25 
 
Here K12 is the coulomb interaction energy and J12 is called the exchange integral. The 
exchange integral is a direct result from the requirement that the electrons be 
indistinguishable. For a ferromagnetic state to exist, such that the spins align in parallel, 
conditions for which J12 becomes positive must be realised. For the hydrogen molecule, 
J12 is negative and the ground state electrons align in an antiparallel configuration. If the 
wave functions ψa and ψb have no nodes within a region of appreciable overlap then 
( ) ( ) ( ) ( )212*1* rrrr baba ψψψψ  is positive.  
 
The dependence on the separation on the exchange integral is shown in Fig. 2.3. 
The sign of the exchange integral will be positive if the positive terms in the interaction 
potential are greater than that of the negative terms. This requires the separation of the 
two electrons to be small and the separation of an electron of one atom and nucleus of 
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the nearby atom to be large. For some metals, such as Fe and Ni, the two conditions are 
realised and the energy is lowest when the electron spin is aligned in parallel causing a 
ferromagnetic state. Here the inter-atomic separation is large in comparison to the 
orbital radii.  
 
 
Figure 2.3. Schematic variation of the exchange 
integral as a function of the inter-atomic distance rab. 
 
 
 
2.3 Band structure  
 
2.3.1 The free electron model 
 
When many atoms are brought together to form a solid, the electronic orbitals 
split creating a set of energy levels forming sets of valence and conduction bands. The 
band structure is a set of allowed and disallowed energy levels which describe the 
materials optical and electronic properties. 
 
It is possible to understand many physical properties of metals in terms of the 
free electron model [Hook 1991]. The modelling of metallic properties in terms of a free 
electron model was developed before the creation of quantum mechanics. Within this 
model the valence electrons of the constituent electrons become conduction electrons 
which are able to move about freely through the volume of the metal. 
 
If we consider a free electron gas of mass m confined by a cube of side L by 
infinite barriers. The wave function, ψn(r), of the electron is the solution to the three-
dimensional free particle Schrödinger equation given by  
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Ekψk r( )= − h
2
2m
d
2
dx
2
+
d
2
dy
2
+
d
2
dz
2
 
 
 
 
 
 ψk r( ) ,    2.3.1 
 
where Ek is the energy of an electron, k. Due to non interacting particles the potential in 
the time independent Schrödinger equation is set to zero. This allows N electrons to be 
distinguished as n different quantum states where each is a solution of the wave 
equation for a single electron. This method is exact providing the electrons do not 
interact with each other.  
 
The boundary condition set by the infinite potentials confines the wave 
functions to be zero at the zone boundary such that in the x direction ψx(0) = ψx(L) = 0 
and similar for the y and z direction. A possible solution is a sinusoidal wave function 
with an integral number of half wavelengths between the zone boundaries given by 
 
( ) 

















= z
L
n
y
L
n
x
L
n
A
zyx
pipipiψ sinsinsinrk  ,   2.3.2 
 
where nx, ny, and nz are integers and A is a normalisation constant. The wave function 
that satisfies the free particle Schrödinger equation and the periodicity condition are of 
the form of travelling plane waves described by 
 
 ( ) ( )rkrk ⋅= iexpψ  .       2.3.3 
 
The components of the wave vector k must satisfy kx = 2npi / L, n is any positive or 
negative integer and similarly for ky and kz. The energy of a given electron is then given 
by 
 
( ) 222222
22
k
m
kkk
m
E
zyx
hh
=++=k  .     2.3.4 
 
In the free electron model the energy bands are parabolic with k, the curvature of which 
is determined by the mass of the electron. An electron in a periodic potential is 
accelerated relative to the lattice in an applied electric or magnetic field with a mass 
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equivalent to the effective mass. Given a dispersion relation of energy with wave vector 
the effective mass can be determined by 
 
 
ji
kk
E
m ∂∂
∂
=
∗
2
2
11
h
 .       2.3.5 
 
The Fermi energy, EF, is the energy of the highest filled level in the ground state for the 
system of N electrons expressed as 
 
 2
2
2
FF
k
m
E
h
=  .        2.3.6 
 
From kx = ±2npi / L, we know there must be only one allowed wave vector for a volume 
element of k space (2pi / L)
3
. For a sphere of Fermi volume, VF, given by 
3
3
4
F
kpi  the 
number of electrons, remembering a factor of two for the spin degeneracy, is 
 
 3
2
3
3
F
k
L
N
pi
=  .        2.3.7 
 
The Fermi energy can be determined from the concentration and is expressed as  
 
 
3
2
22 3
2 






=
F
F
V
N
m
E
pih
 .       2.3.8 
 
A free electron definition of the density of electrons per unit of energy range, more 
commonly known as the density of states, D(E), can be determined from this method. 
The number of electrons of energy less than or equal to E is  
 
 
2
3
22
2
3






= E
mV
N
F
hpi
 ,       2.3.9 
 
and the density of states is given by 
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 ( ) 21  2
2
2
1
2
3
223
EE
mV
dE
dN
ED
F
D
∝





==
hpi
 .    2.3.10 
 
Similarly the 2 dimensional and 1 dimensional density of states are 
 
 
  
D E( )
2D
=
m
pih2L
 ∝  E
0 ,      2.3.11 
 
 
  
D E( )
1D
=
2m( )12
h
1
E
1
2
 ∝  
1
E
1
2
 .      2.3.12 
 
 
 
2.3.2 The nearly free electron model 
 
Although the free electron model has success, it fails to predict the difference 
between metals, insulators, and semiconductors. The nearly free electron model extends 
the free electron model by considering the periodic lattice of the crystal such that 
electrons in crystals are arranged in energy bands separated by regions known as band 
gaps. If the bands are completely filled or empty then the crystal acts as an insulator. 
However if the bands are partly filled the crystal behaves very differently and acts as a 
metal.  
 
Bragg reflections are a characteristic of wave propagation in crystals and are due 
to the parallel planes reflecting incident waves. These are significant in forming the 
band gaps between the energy bands. In this case the Schrödinger equation in one 
dimension becomes 
 
 
  
E
n
ψ
n
x( )= − h
2
2m
d
2ψ
n
x( )
dx
2
+ V r( )ψn x( ) .    2.3.13 
 
Unlike the free electron model, the nearly free electron model assumes that V(r) is not 
zero. If we have a solid with a cubic lattice of constant a the periodic potential is 
 
 ( ) ( )narVrV +=  ,       2.3.14 
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where n = ±1, ±2, ±3… The Bloch Theorem states that electrons which obey a one 
dimensional Schrödinger equation with a periodic potential are called Bloch Electrons. 
For a lattice vector r the wave function is 
 
 ψ r( )= exp ik ⋅ r( )u r( ) ,      2.3.15 
 
which satisfies the condition 
 
 ψ r + R( )= exp ik ⋅ r + R( )( )u r + R( )= exp ik ⋅ R( )ψ r( ) ,  2.3.16 
 
where R has the periodicity of the system. 
 
The eigenfunctions of the wave equation for a periodic potential are the product of a 
plane wave, exp(ik·r), times a function, u(r), with the periodicity of the crystal lattice. 
When the electron propagating through a crystal has a wave length, λ, comparable to the 
lattice constant, a, Bragg reflections can occur. Qualitatively this can be expressed as 
 
 ( ) λθ na =sin2  ,       2.3.17 
 
where 2θ is the angle between the angle of incidence and angle of reflection. When the 
angle of incidence is equal to π / 2, k is equal to nπ / a and the electron is stopped due to 
destructive interference between the forward and reflected waves. There are therefore 
forbidden k-values or travelling wave solutions to the Schrödinger equation that do not 
exist creating gaps between energy bands, Eg. 
 
The first energy gap occurs at k = ± π / a, this region in k space between – π / a and + 
π / a is the first Brillouin zone of the lattice, other energy gaps occur for other integer 
values of n. The Brillouin zone is the primitive unit cell in the reciprocal lattice space.  
 
 Although the means of calculating the electronic structure is not required brief 
details will be discussed. The full band structure calculations solve the Schrödinger 
equation explicitly given by  
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) 
T (k) +
) 
V (k)( )ψn.k = En,kψn.k  ,      2.3.18 
  
 where   
) 
T (k)  is the kinetic energy operator,   
) 
V (k)  is the potential energy, n is the 
band index and k is the wave vector in the reduced Brillouin zone. The kinetic energy 
of the electron is the free electron kinetic energy as described by 2.3.4. The first 
principles calculations work out the potential, which is split into two components. 
Firstly the ion-electron potential is easily calculable and can be expressed in a simple 
Coulombic form. Secondly, the electron-electron potential is a lot more complicated 
since it cannot be expressed in a simple form. One method is to approximate the 
potential as an electron density (Density Functional Theory). This method requires 
much calculation but is not guaranteed to give the correct curvature or band gap 
[Hounsome 2006].  
 
 Near the band gap at the centre of the Brillouin zone, this rigorous calculation 
does not change the curvature much from the nearly free electron model and using 
effective mass theory the curvature of the band is given by 
 
  
E
n,k =
h
2
k
2
2m*
 ,        2.3.19 
 
where 0<m*<me for the conduction band and  0>m*>me for the valence band. Since 
tunnelling is concerned with the states around the band gap the nearly free electron 
approach is adequate for our needs. 
 
 
 
2.3.3 Hund’s rules  
 
The consideration of the energy of electrons and the occupation of orbitals 
within the electronic structure needs separate consideration. It is possible to label the 
energy levels at a given separation without considering which electrons are available. It 
is then equally possible to assign a label to each level according to increasing energy. 
This approach ignores the effect that one electron in a given orbital has on another. The 
removal of the electron is then not considered to change the number of electrons in any 
other energy level.  
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The manner in which the electrons fill the shells of an atom are determined by 
the Hund rules. The characteristic of the ground state has been described by Kittel 
[Kittel 1996] and is a direct result of the application of these rules such that: (i) the 
maximum total spin, S equal to ∑msi, allowed by the Pauli exclusion, is realised; (ii) the 
maximum value of the orbital angular momentum, L equal to ∑mli, consistent with the 
value of S; (iii) the total value of the angular momentum, J, is equal to |L-S| when the 
shell is less than half full and equal to |L+S| when the shell is more than half full. If the 
shell is half full the first rule states that L=0 and therefore J=S. 
 
The first rule arises directly from the application of the Pauli exclusion 
principle. Two electrons of the same spin are unable to be in the same orbital and are 
kept apart further than that of electrons of the opposite spin. The coulomb interaction 
between electrons of the same spin is lower and therefore the average potential is lower 
for a parallel spin configuration than for an antiparallel configuration and is called the 
exchange energy. 
 
Although the second rule is best demonstrated with the help of calculations, it 
considers the repulsion between electrons. If we consider a classical picture of electrons 
orbiting in the same direction they are in a high orbital angular momentum state. They 
would meet each other less often than if other electrons orbited in opposite directions. 
In the latter case the repulsive force increases which separates the electrons adding a 
potential. Their energy level must be higher.  
 
The third rule is a result of the sign of the spin-orbit interaction. For a single 
electron the energy is lowest when the spin is antiparallel to the orbital angular 
momentum. As electrons are added to the shell we use up the low energy pairs of ml and 
ms such that when the shell becomes more than half full the state of the lowest energy 
must necessarily be in a parallel spin configuration to the orbital angular momentum. 
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2.3.4 Band structure of Ferromagnetic materials 
 
Magnetism in metals is a consequence of the exchange energy as described in 
section 2.2.3. The exchange lowers the energy of an electron relative to the proportion 
of electrons of the same alignment and is at a minimum when the electrons are aligned 
in parallel. The opposing effect is the band energy. This energy increases when an 
electron transfers from the lowest band states, occupied with spin up and spin down, to 
bands of higher energy. It is this band energy which prevents the simple metals from 
becoming ferromagnetic. However in transition metals, the high density of states can 
reduce the band energy required to flip a spin by a factor of ten and thus 
ferromagnetism is found within some of the transition metals.  
 
Slater first made calculations of the electronic structure for the 3d band using Ni 
in fair agreement with experiment [Slater 1936]. The 4s band was assumed to contribute 
little to the ferromagnetism since it is a filled orbital with two electrons of the opposite 
spin. The phenomenological Stoner model has been widely accepted as a description of 
the ferromagnetism [Stoner 1938]. The electronic states are considered itinerant. The 3d 
electron band is overlapped by the much wider 4s band. 
 
 
Figure 2.4 Energy bands for the transition metals V, Cr and Fe in the (001) 
direction. The Fermi energy is indicated by the dashed line. Adapted from 
Harrison [Harrison 1980]. 
 
The band structure of Ferromagnetic materials will now be discussed. This 
discussion will be limited to the 3d ferromagnetic materials of Fe, Co, and Ni with the 
ground state electron configuration 3d
6
4s
2
, 3d
7
4s
2 
and 3d
8
4s
2
 respectively. Although we 
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will mainly discuss Fe, the same results are found for Co and Ni. Hence the d shell is 
partly filled in each case and due to Hund’s rules the electrons are aligned in parallel. 
Strong coupling between the moments gives the materials a ferromagnetic ordering. 
 
The energy bands for V (3d
3
4s
2
), Cr (3d
4
4s
2
) and Fe are shown in Fig 2.4 
adapted from Harrison [Harrison 1980]. In each case the structure is complicated. The 
free electron like s band is crossed and hybridises with the heavy flat d bands. The 
difference between the two structures is small. Comparing the series V, Cr and Fe, the d 
band’s energy is lowered in comparison to the point Γ1 as we progress through the 
series and the d bands become narrower. The Fermi energy is also found to increase as 
the series progresses. The Fermi energy is found below the d bands for V, but for Fe it 
is found near the Γ12 point. Similar is found for Co and Ni. At the Γ point the Fermi 
energy is found below the Γ12 point for Fe. For both Co and Ni the Fermi energy is 
found above the Γ12 point (not shown). 
D(E )D(E )
EF
4s
3d
E
 
Figure 2.5 Density of states schematic for a ferromagnetic material 
 
The exchange causes a spontaneous magnetisation of the Fe, Co and Ni systems. 
In a normal metal there is an equal population of spin-up and spin-down electrons. The 
exchange integral for each spin is identical and the energy bands are identical. In a 
ferromagnetic material, the population of spin-up electrons is greater than the 
population of spin-down. The exchange of the spin-up electrons is much greater than 
E F 
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the spin-down. The exchange is attractive so lowers the energy of the spin-up band in 
comparison to the spin-down band. The exchange is reflected in the density of states 
(DOS) as shown in Fig 2.5. The DOS is much higher for the spin-up electrons than the 
spin-down due to the d states of the same energy overlapping the s states. 
 
 
 
2.3.5 Band Structure of insulator/semiconductor materials in relation to tunnelling 
  
 When the Fermi energy of a material is between the conduction band and the 
valence band, the material is classified as an insulator or a semiconductor. The standard 
fabrication of MTJs sandwiches an insulator between two ferromagnetic materials. The 
Fermi energy is then found around mid-gap. The electron incident on the interface of 
the insulator does not have the energy to transmit into the conduction band. For the 
electron to transmit into the second electrode it connects to the imaginary (complex) 
band structure in the insulator.  
 
∆1
∆1
∆
5
Γ kiγ
energy
X X
 
Figure 2.6 Simplified schematic band structure for an 
insulator with complex bands indicated in the imaginary 
plane. The Fermi energy is indicated by the dotted line at 
mid-gap. 
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A simplified schematic insulator band structure is displayed in Fig. 2.6. The 
states considered for this analysis are the ∆1 and ∆5 valence band and the ∆1 and ∆5 
conduction band. The complex bands are indicated by the direction iγ linking the ∆1 
valence band to the ∆1 conduction band and the ∆5 conduction band to the ∆5 valence 
band. Thus there are two tunnelling bands where the band gap of the ∆1 states is found 
to be very much smaller than the band gap of the ∆5 states.  
 
 From symmetry, the imaginary bands which leave the ∆1 (∆5) states must inherit 
the symmetry of the real bands. Hence a ∆1 (∆5) real band transmits into a 
∆1 (∆5) complex band. Furthermore for analyticity the curvature of the complex band at 
the connecting points must be the same as the curvature of the real band [Mavropoulos 
2000]. The effective mass for tunnelling is then identical to the effective mass of the 
conduction or valence bands (as appropriate). 
 
 
 
2.4 Quantum mechanical tunnelling 
 
The devices, which I will be modelling, depend on the phenomena of quantum 
mechanical tunnelling between two metallic electrodes separated by an insulating 
barrier. It is therefore necessary to define what tunnelling means for these systems.  
 
2.4.1 Tunnelling Through a Square Potential Barrier 
 
For systems on the nanometre scale Heisenberg’s uncertainty principle becomes 
important and classical mechanics fails to describe the transport mechanisms. If we 
consider a simple 2 dimensional case of a square potential barrier of energy V(x) as 
shown in Fig. 2.7, an electron with kinetic energy E is incident with the barrier in region 
1 where it is either transmitted or reflected. For the classical system if the energy of the 
electron is less than that of the potential energy of the barrier, U, it is reflected with 
100% probability. Likewise if the energy of the electron is greater it is always 
transmitted through to region 3. In the quantum mechanical case, reflection and 
transmission are both simultaneously possible with a finite probability for most energies 
of the incident electron.  
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Figure 2.7 Schematic potential of a 
square barrier of height U experienced 
by an electron of energy E 
 
We will consider the system where the potential felt by the electron in the region 
x<0 and x>d is given by v(x)=0, and for the region 0≤x≤d, V(x)=U. The electron has a 
definite energy and momentum in all three regions so can be easily represented by a 
one-dimensional wave function. Solving the one dimensional Schrödinger equation 
given by 
 
  
E
^
Ψ = V
^
x( )Ψ − h
2
2m
∂2
∂x 2 Ψ ,      2.4.1 
 
it is possible to find the probability of the electron transmitting through the barrier into 
the classically forbidden region. 
 
In region 1 the electron wave function is a superposition of the incident wave 
function moving to the right and the reflected wave function moving to the left. In this 
region there is no potential acting on the electron so the wave equation which needs to 
be solved is given by 
 
  
E
^
Ψ = − h
2
2m
∂2
∂x 2 Ψ .       2.4.2 
 
The solution is therefore 
 
Ψ x( )= Aexp ikx( )+ Bexp −ikx( ) ,     2.4.3 
 
U 
E 
1 2 3 
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where  
  
k =
2mE
h
2
 
 
 
 
 
 
1
2
  ,        2.4.4 
 
In region 3 we only have the transmitted electron wave function to consider. There is 
also no potential acting on the electron so the solution to the Schrödinger equation is 
 
Ψ x( )= Cexp ikx( ).       2.4.5 
 
It must be noted that A, B and C are the amplitude coefficients of the incident, reflected 
and transmitted wave functions respectively.  
 
In region 2 the form of the solution depends upon whether the energy of the 
incident electron is less than or equal to the potential of the barrier. For the case that we 
are interested in, the energy of the electron is less than the energy of the potential 
barrier. The solution to the wave equation must also consist of a transmitted wave 
function through the barrier and a reflected wave function from the interface at the point 
x=d. The solution to the Schrödinger equation is 
 
Ψ x( )= F exp κx( )+ Gexp −κx( ) ,     2.4.6 
 
where  
  
κ =
2m
h
2
U − E( ) 
 
 
 
 
 
1
2
 .       2.4.7 
 
Quantum mechanics demands the conservation of energy and momentum at the 
interfaces of the barrier. Therefore the wave functions and their spatial derivatives must 
be continuous at the classical boundaries. By matching the wave functions and 
derivatives at the point x=0 and x=d the unknown amplitudes F and G can be 
eliminated  
 
A + B = F + G  ,       2.4.8 
 
Aik − Bik = Fκ − Gκ  ,       2.4.9 
 
F exp κd( )+ Gexp −κd( )= C exp ikd( ) ,     2.4.10 
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and Fκ exp κd( )− Gκ exp −κd( )= Cik exp ikd( ) .               2.4.11 
 
Manipulating these expression we find  
 
C
A
=
4ik exp −ikd( )exp −κd( )
κ + ik( )2 exp −2κd( )− ik −κ( )2  ,     2.4.12 
 
and  
B
A
=
k
2 + κ 2( )1− exp −2κd( )( )
ik −κ( )2 − ik + κ( )2 exp −2κd( ) .               2.4.13 
 
The reflection and the transmission coefficient is given by the absolute squares of B/A 
and C/A such that  
 
B
A
2
= 1+
4κ 2k 2
κ 2 + k 2( )2 sinh2 κd( )
 
 
 
 
 
 
 
 
−1
 ,     2.4.14 
 
C
A
2
= 1+
κ 2 + k 2( )2 sinh2 κd( )
4κ 2k 2
 
 
 
 
 
 
 
 
−1
 ,     2.4.15 
 
where the sum of the probability flux, |B/A|
2
 + |C/A|
2
, is unity. If a particle approaches 
the barrier of potential U and thickness d, with a mass m and energy E<U, it has a small 
but finite probability of tunnelling through the barrier. When the exponent κd is very 
large (κd>>1) the transmission coefficient becomes extremely small and can be 
approximated by 
 
C
A
2
≈
16E U − E( )
U
2
exp −2κd( )  .     2.4.16  
 
A similar analysis finds that in quantum mechanics if a particle with energy greater than 
the barrier potential, that is E>U, a potential well, can be reflected with a small but 
finite probability. 
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2.4.2 The Wentzel-Kramers-Brillouin Model 
 
The transmission of electrons through a square barrier is well described by the 
analysis of the previous section. However this solution is limited and for most realistic 
tunnel barriers a square potential does not accurately describe the system. A more 
accurate solution can be considered using the Semi-Classical Approximation or the 
Wentzel-Kramers-Brillouin (WKB) method to evaluate the transmission coefficient 
[Matthews 1970]. This method is able to handle realistic variable potentials across the 
tunnel junction as demonstrated in Fig. 2.8.  
 
 
Figure 2.8 Schematic potential of a variable 
barrier height with an applied voltage. 
 
The WKB method is a formulism which approximately solves the Schrödinger 
equation for the function ( )xφ  that describes the wave function of a stationary state  
 
( ) ( )( )xiAx φψ exp=  ,       2.4.17 
 
where A is a normalisation constant. The WKB method solves the second order 
differential equation of the form 
 
 
∂2ψ
∂x 2 + f x( )ψ = 0 .       2.4.18 
 
U 
E 
1 2 3 
V 
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For the case of quantum mechanical tunnelling f(x) is the potential across the barrier 
and if slowly varying, the wave function as described by 2.4.17 is the solution. Inserting 
2.4.17 into 2.4.18 we find the relationship 
 
 iφ || x( )− φ | x( )( )2 + f x( )= 0  .      2.4.19 
 
If we assume the first term is small i.e. ( ) 0|| ≈xφ , then the first approximation is  
 
 ( ) ( )xfx ±≈|φ  ,       2.4.20 
 
or  ( ) ( )dxxfx ∫±=φ  ,                 2.4.21 
 
For condition of validity that ( )x||φ  is small, φ || x( )  must be very much less than f x( )  
or using the expressions above we get 
 
φ || x( ) ≈ 1
2
f
|
x( )
f x( ) << f x( )  .      2.4.22 
 
From 2.4.17 and 2.4.21 we find that 1 f x( )is approximately 1/2pi times one 
exponential length. So the approximation states that the variation in f(x) over one 
wavelength should be small in comparison to |f(x)|.  
 
A second approximation can be found by iteration. Putting 2.4.22 back into 
2.4.19 we find  
 
φ | x( )( )2 = f x( )± i
2
f
|
x( )
f x( )  ,      2.4.23 
 
By rearranging and integrating we get a relationship for φ (x) given by 
 
 ( ) ( ) ( )xfidxxfx ln
4
+±= ∫φ  ,     2.4.24 
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where we have used approximation 2.4.22 to simplify the result. Combining the two 
choices of sign with the expression for the wave function, 2.4.17, the solution to the 
Schrödinger equation is 
 
 ψ x( )= 1
f x( )4 C+ exp i f x( )dx∫[ ]+ C− exp −i f x( )dx∫[ ]{ } , 2.4.25 
 
where C+ and C- are arbitrary constants. The first term is an exponentially increasing 
function with x and the second an exponentially decreasing function with x.  
 
The WKB solutions are useful to solve the Schrödinger equation when the 
potential across the barrier varies slowly such that the momentum of the electron is 
constant to a reasonable approximation over many wavelengths. Near the turning points 
of classical motion, at abrupt interfaces of a potential barrier, this condition is violated. 
At this point the WKB wave function increases to infinite and is therefore not a good 
solution. 
 
 
 
2.5 Theoretical literature  
 
2.5.1 Simple Tunnelling Magnetoresistance models 
 
A magnetic tunnel junction consists of two ferromagnetic electrodes separated 
by an insulating non-magnetic layer. Under a small applied voltage the electrons can 
tunnel across the barrier. The resistance of the junction depends on the relative 
orientation of the magnetic electrodes. If the electrodes are in a parallel state the 
probability of transmission is high giving a low resistance state. However, if the 
electrodes are aligned in an antiparallel state the probability of transmission is low 
giving a high resistance state. The ratio of the difference between the resistance states as 
the magnetic alignment switches from parallel to antiparallel and the current in parallel 
(antiparallel) alignment is known as the pessimistic (optimistic) Tunnelling 
Magnetoresistance (TMR) as defined by 
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elantiparall
cpessimisti
R
R∆
=TMR  ,      2.5.1 
 
parallel
optimistic
R
R
TMR
∆
=  .      2.5.2 
  
 When the pessimistic (optimistic) TMR is equal to 100% (∞%) the system is a 
perfect spin filter. The TMR effect is much larger than the MR and the insulator 
properties of the junction give a much larger resistance than the MR junctions of the 
order 100kΩ.   
 
Within this thesis we will refer to the pessimistic TMR. This is because 
experimentally the current in parallel alignment is better defined than in antiparallel 
alignment as the magnetizations can be saturated at a high external magnetic field. 
 
 Many theories have been suggested to describe this behaviour we will discuss 
some of these below. 
 
 
 
2.5.2 The Julliere model 
 
Julliere found the TMR effect to be large at low temperature (14% at 4.2K) by 
fabricating junctions of the type Fe/Ge/Co [Julliere 1975]. To explain these findings 
Julliere produced the first theoretical model to calculate the TMR.  
 
Following Mott’s method [Mott 1935], the two spin channels conduct 
independently in parallel to each other as shown by Fig 2.9. In parallel magnetic 
alignment, the electrons in the spin up majority state in the first electrode tunnel through 
the barrier into the spin up majority state in the second electrode. Likewise, electrons in 
a spin down minority state in the first electrode tunnel through the barrier into the 
minority spin state in the second electrode. When the electrodes are aligned in 
antiparallel, electrons in the spin up state in the first electrode tunnel through the barrier 
into the minority spin up state in the second electrode. Similarly, electrons in the spin 
down minority state in the first electrode tunnel through the barrier into the spin down 
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majority state in the second electrode. Thus in this model there are no spin flip 
processes.  
 
 
Figure 2.9 Independent spin transfer model for 
parallel magnetic alignment (a) and antiparallel 
magnetic alignment (b) 
 
Following Bardeen, if we assume that the matrix element which describes the 
probability of tunnelling is independent of the spin state, the conduction is proportional 
to the density of states in each electrode [Bardeen 1957]. The density of states (ρ) in 
each electrode is given by 
 
↓↑ += 111 ρρρ  ,       2.5.3 
↓↑ += 222 ρρρ  ,       2.5.4 
 
where 1 (2) refers to the electrode and ↑ (↓) refers to the spin up (down) electrons. The 
current density for the parallel and antiparallel magnetic alignment is given by 
 
↓↓↑↑ +∝ 2121 ρρρρparallelJ ,      2.5.5 
and  ↑↓↓↑ +∝ 2121 ρρρρelantiparallJ  .                  2.5.6 
 
Replacing the current density back into the definition of the pessimistic TMR we find 
 
↓↓↑↑
↑↓↓↑↓↓↑↑
+
−−+
=
2121
21212121TMR
ρρρρ
ρρρρρρρρ
    2.5.7 
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Following the analysis by Meservey et al. [Meservey 1994] the polarisation in the 
electrodes is given by 
 
↓↑
↓↑
+
−
=
11
11
1 ρρ
ρρ
P  ,       2.5.8 
and  
↓↑
↓↑
+
−
=
22
22
2 ρρ
ρρ
P  .       2.5.9 
 
The TMR can then be expressed as 
 
21
21
1
2
TMR
PP
PP
+
=  .       2.5.10 
 
 
This is the Julliere model. The model is simple and gives a first order approximation for 
the MR effect. Using polarisations of 44% for Fe and 34% for Co, the TMR is 26%, 
much higher than the measured result TMR of 14%.  
  
The TMR has been shown to be inaccurate for many tunnelling systems due to 
the simplicity of assuming the matrix element to describe the probability of tunnelling is 
the same for each spin channel [Moodera 1996]. The lack of physics implies that the 
TMR is independent of the barrier which is not found by experiment. We will discuss 
this further in chapter 4. 
 
 
 
2.5.3 Spin polarisation models 
 
Slonczewski produced a model specifically for two ferromagnetic electrodes 
separated by a non-magnetic barrier as an enhancement of the Julliere model 
[Slonczewski 1989]. This involved a quasi-free electron model which had been 
previously applied to tunnelling between ferromagnetic and superconductor junctions 
assuming large barrier widths and a square barrier potential [Wolf 1985].  
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The electrons are assumed to be in independent spin channels with different 
wave functions inside the electrode but the same exponential factor within the barrier. 
By matching wave functions at the interfaces and using the limit of a thick insulating 
layer the polarisation of the electrodes was given by 
 
P =
k↑ − k↓
k↑ + k↓
 
 
  
 
 
  
κ 2 − k↑k↓
κ 2 + k↑k↓
 
 
  
 
 
  ,      2.5.11  
 
where  
  
κ 2 = 2me
h
2 U0 − E( ) .                 2.5.12 
 
P is the effective spin polarization of the ferromagnetic–barrier couple at the Fermi 
energy, k↑ and k↓ are the effective wave vectors of spin up electrons and spin down 
electrons. Unlike the Julliere model, there is a direct dependence on the junction chosen 
for the polarization of both electrodes and therefore the TMR. However, this model is 
restricted to thick and low barriers where weak penetration of the barrier can be 
sufficiently assumed which is not applicable for most wide gap insulating barriers. 
 
Bratkovski reported on a simple extension to the Slonczewski model for the 
polarization of the electrodes by assuming different effective masses in the barrier and 
the electrodes but using similar electrodes within the free electron model [Bratkovski 
1997]. The polarisation in this case becomes  
 
P =
k↑ − k↓
k↑ + k↓
 
 
  
 
 
  
κ 2 − m2
2
k↑k↓
κ 2 + m2
2
k↑k↓
 
 
  
 
 
   ,      2.5.13 
 
where m2 is the effective mass of electrons in the barrier. 
 
The differences between the Julliere, Slonczewski and Bratkovski models are 
displayed in Fig. 2.10. The TMR generally increases with increasing polarisation for 
each model as would be expected from experiment. The Bratkovski model tends to the 
Julliere result when the barrier height is large. This is because the correction factor 
tends to unity, The Bratkovski model also tends to the Slonczewski model when the 
effective mass of the electrons in the barrier tends to the free electron mass.  
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Each model does not fully describe the system, relying on a thick barrier 
approximation which is unrealistic for tunnelling experiments. Each model considers a 
very similar polarisation and ignores the probability of transmission through the barrier. 
Optimisation of the configuration of the MTJ would be difficult within these models as 
most of the parameters are lost. To show the features of TMR found by experiments 
more realistic models are required which calculate the current density for a range of 
barrier and electrode systems.  
 
 
Figure 2.10 Graph showing the change in TMR with increasing Fermi level 
polarisation as defined by the Julliere model. (a) Represents the Julliere result. (b) 
and (c) represent the Bratkovski model with a barrier height of 3eV and 0.75eV 
respectively. (d) Represents the Slonczewski model with a barrier height of 0.75eV. 
The effective mass of the electrons in the barrier (m2) is 0.4me.  
 
  
 
2.5.4 Current density models 
 
2.5.4(a) The Simmons and Brinkman models 
 
The effects of tunnelling through metallic layers and possible applications has 
been studied for many years since the establishment of quantum mechanics. Initial 
theories of Bardeen considered the current through an independent particle point of 
view [Bardeen 1957].  
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Harrison extended this theory to include systems which the band structure varies 
with position [Harrison 1961]. Using the method of Bardeen the tunnelling current is 
proportional to a matrix element for the transition from state a on the left hand side of 
the barrier into state b on the right hand side of the barrier, the density of filled electrons 
states at a on the left hand side of the barrier and the density of empty electron states at 
b. At a finite temperature it is also proportional to the probabilities of occupation of the 
states at a and b i.e. the Fermi distributions.  
 
It was found that the matrix element here could be described by a WKB 
approximation if the band structure is assumed to be slowly varying in the transition. 
The theory was applied to junctions consisting of superconductors, simple metals, 
semimetals and transition metals.  
 
Sommerfeld and Bethe developed the first theoretical study of the current 
density through a square barrier starting from the WKB approximation [Sommerfeld 
1933]. The current was calculated for a high and low voltage range. Holm separately 
and independently enhanced the model to include the intermediate voltage range [Holm 
1935].  
 
Inspired by these results, Simmons derived an analytic formula for the electric 
tunnel effect through a potential barrier of an arbitrary shape [Simmons(1) 1963]. The 
probability of tunnelling through the barrier was also calculated from the WKB 
approximation using a square barrier approximation to the arbitrary shape. The 
tunnelling current was calculated at low temperature such that thermal current through 
the barrier could be ignored. The current density in this approximation was expressed as  
 
J = J0 φ exp −Aφ
1
2 
 
  
 
 
− φ + eV( )exp −A φ + eV( )12         
 
 
 
 ,   2.5.14 
 
where  A =
4piβd
h
2m
e( )12  ,                 2.5.15 
and  J0 =
e
2pih βd( )2  .                 2.5.16 
 
 38 
φ  is the mean barrier height above the Fermi level of the negatively biased electrode 
and β is the correction factor from the average barrier height approximation to the 
trapezoidal barrier shape imposed on the arbitrary shape but is approximately equal to 
unity for most tunnelling systems when the applied voltage is small. This model was 
extended for the case of dissimilar electrodes [Simmons(2) 1963] and a generalised 
thermal I-V characteristic [Simmons 1964].  
 
 
Figure 2.11 The current density calculated from the Simmons model. 
 
Experiment has shown that the tunnelling current should be directly proportional 
to the applied voltage for voltages very much less than the barrier height and should 
increase exponentially with voltage when the voltage becomes comparable to the barrier 
height [Fisher 1961]. These observations are replicated well by the Simmons model as 
shown by Fig. 2.11. 
  
Up until 1970 realistic barrier models had not been considered. From 
experiment, at relatively low voltages the conductance appears roughly parabolic but 
the minimum is often measured at a finite bias. Brinkman considered numerical 
calculations of the current density using either the WKB approximation (expression 
2.5.17) or perfectly sharp boundaries at the interface of the metal and the insulator 
(expression 2.5.19) [Brinkman 1970]. These models were then applied to normal-metal 
junctions. 
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J1 V( )= 2e
h
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2
h
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d
φ2 − eV − φ1( ) ,               2.5.18 
 
J2 V( )= 2e
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  .           2.5.20 
 
φ1 (φ2) is the barrier height above the Fermi energy of the first (second) electrode, EF1 
(EF2) is the Fermi energy of the first (second) metal, ∆EF = EF2 - EF1 is the difference 
between the Fermi energies of the two metallic electrodes and f(E) is the Fermi 
distribution. All other symbols have their usual meaning.  
 
From the WKB approximation, the thickness and the mean barrier height have 
been found to affect the offset of the conductance. It was reported that as the thickness 
and barrier height increases, the offset in the minimum conductance decreases and 
moves towards zero. These factors also influence the asymmetry found in the 
conductance as the voltage switches from positive to negative bias. The prefactor in 
expression 2.5.19 implies the tunnelling current is dependent on the Fermi energies of 
the two electrodes and indirectly on the densities of states of the electrons in the 
electrodes.  
 
The differences between the two models are shown in Fig. 2.12 [Brinkman 
1970]. Although there are clear differences between the two models, the general 
parabolic nature and asymmetry is demonstrated in both models. These models showed 
that the minimum of the conductance is at zero bias when the barrier is symmetric and 
has similar Fermi energies in both electrodes. Due to the symmetric nature of the 
approximation to the potential across the barrier, the Simmons model would not 
replicate these results. 
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Figure 2.12. A comparison of the conductance versus the voltage for the two 
extreme Brinkman models. The conductances are normalised to 1 and 0.9 at 
zero voltage for model 1 and model 2 respectively. d = 1.5nm, φ1  = 1eV, 
φ2  = 3eV and EF1 = EF2 = 10eV. 
 
The models of Simmons and Brinkman are still important in experimental 
analysis today due their simplicity. The models accurately describe the qualitative 
behaviour of the tunnelling current and are frequently used for an estimate of barrier 
height and thickness of the insulating layer. However, within each model the effective 
mass within the barrier is always assumed to be the same as the effective mass within 
each of the electrodes. The effective mass in the barrier can vary from the free electron 
mass by as much as one tenth for the case of Ge [Kittel 1996] and even by 40% for the 
case of AlOx [Xu 1991] increasing the probability of tunnelling through the barrier 
significantly compared to the tunnelling of a free electron mass. The Simmons approach 
is also missing the microscopic effects of band structure within the electrodes and the 
barrier. 
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Both models fail to predict the TMR behaviour of the MTJ due to the lack of 
physics calling into question their accuracy for the determination of these parameters 
within MTJ systems. The Brinkman model is also a numerical model. 
 
 
 
2.5.4(b) Tight binding theory of current density  
 
Mathon developed a tight binding theory to describe the TMR and to extend the 
model proposed by Slonczewski [Mathon 1997]. The Slonczewski method is based on a 
direct calculation of the wave functions and is not easily extendable beyond a simple 
parabolic band [Slonzewski 1989].  
 
The Mathon theory is based on the work by Harrison where the two electrodes 
are separated by a barrier sufficiently thick that no tunnelling can occur [Harrison 
1970]. The electrodes are considered as completely separate systems. They are then 
brought together and when the wave functions overlap tunnelling takes place. The TMR 
was based on the Kubo-Landauer formula and tight-binding band structure of the 
ferromagnetic electrodes. The conductance for a spin channel, σ, is given by  
 
( )∑=Γ
||
||
2
k
kT
h
e σσ  ,       2.5.21 
 
where T
σ
(k||) is the transmission coefficient in the channel (σ, k||). k|| is the wave vector 
parallel to the MTJ and the sum is carried out over all k|| in the 2D brillouin zone. 
 
The TMR was found to depend on the barrier-height and saturates when the 
barrier height is of the order of the conduction band-with. The dependence of the TMR 
on the barrier-thickness was found to be weak when the barrier-height was high but, 
becomes strong when the barrier-height is small as shown by Fig. 2.13.  
 
 42 
 
 
Figure 2.13 (a) TMR dependence of the barrier height (Vb) for a thickness of 1 (triangles), 3 
(squares) and 5 (circles) atomic planes. W is the width of the insulator conduction band and N is the 
number of atomic layers. (b) TMR dependence of the number of atomic planes in the insulator. 
Where Vb /W is equal to 2 (squares), 1 (circles) and 0.58 (triangles). Adapted from Mathon (1997) 
for the structure Co/I/Co, where I is an insulator. 
 
However, to calculate the transmission coefficient accurately using a first-
principles band structure for ferromagnetic metals, s, p, d bands with hopping to second 
neighbours are required. The hopping matrices are complex and are required to be of the 
size 18x18. Although this approach has gone a long way to describe the behaviour of a 
MTJ this approach is not useful for the characterisation of experimental systems and a 
simpler method is required. 
 
 
 
2.5.4(c) Current density calculation based on the transfer-matrix method 
 
The TMR models based on the polarisation of the electrodes fail to describe 
many of the features of the junction material dependence such as bias and temperature 
dependence. A more detailed analysis of tunnelling through a MTJ can be achieved 
through an accurate model of the transmission through the barrier. One such possibility 
describes the transmission using a transfer-matrix approach [Zhang 1997, Liu 2000, 
Montaigne 2001].  
 
Zhang rigorously solved the quasi-one-dimensional free electron model using a 
2x2 transfer matrix method. This involved the matching of the wave function and the 
(a) (b) 
Vb   /  W 
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one over mass derivative at each interface. A linear potential was modelled across the 
barrier and the wave function was described by the exact Airy functions. 
 
Although an intrinsic decrease in TMR with increased applied bias was reported, 
unphysical barrier parameters were used. The effective mass in each layer was the free-
electron mass and low barrier heights of the order of 1eV were modelled. This 
ultimately limits the models use for realistic MTJs.  
 
Montaigne rigorously modelled the tunnel current within a parabolic band 
model. Following the method of Liu a 4x4 transfer matrix method was used to describe 
the transmission through the barrier [Liu 2000]. Realistic barrier parameters were 
considered allowing the effective mass in each layer of the MTJ to differ from the free-
electron mass. Reducing the effective mass of the electrons in the barrier lower than that 
of the free electron mass causes a pronounced dispersion in the transverse wave vector 
space in contrast to the quasi-one dimensional case and both the transverse and 
longitudinal wave vectors must be considered.  
 
Following the approach by Tsu [Tsu 1973] for a multilayer system, the current 
density was defined as  
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where T(Ez,Et) is the transmission coefficient as deduced by Liu [Liu 2000] and m1 is 
the effective mass of the electrons in the emitter electrode. The band structure properties 
are as deduced by Davis where the Fermi energy is 2.25eV and 0.35eV and effective 
masses are 1.27me and 1.36me for spin up and spin down electrons respectively [Davis 
2000]. The effective mass of the electrons in the barrier is assumed to be 0.4me.  
 
The initial results showed that generally thin tall barriers have the highest TMR 
as shown in Fig 2.14 [Montaigne 2001]. Extensive modelling of the interface of the 
barrier showed that asymmetry in the TMR can be caused by the asymmetry of the 
barrier region, in an extension to the ideas of Brinkman [Brinkman 1970] and in 
agreement with experiment [Rottländer 2001, Sharma 1999]. 
 
 44 
The asymmetry in the magnetoresistance reflects the asymmetry of the magnetic 
tunnel junction and is observed as a shift in the position of the peak of the 
magnetoresistance from zero bias.  Asymmetry of the tunnel junction could be used to 
probe the band structure and the density of states of the electrodes [Davis 2002]. 
 
 
Figure 2.14 Magnetoresistance as a function 
of the barrier-height and thickness. Adapted 
from Montaigne [Montaigne 2001].  
 
The numerical models using the transfer matrix method have demonstrated that 
a simple band structure within a free electron model can describe many of the features 
of MTJs even though the actual band structure of ferromagnetic materials is far more 
complicated than the simple parabolic band model. However the numerical models are 
based on direct calculations of the wave function and therefore not easily extended 
beyond the parabolic band model.  
 
 
 
2.5.4(d) Current density calculation based on the WKB approximation 
 
Davis and MacLaren reported a numerical model to extend Sloncewski’s ideas 
[Davis 2000]. For each spin, tunnelling from a single free electron band is through a 
simple trapezoidal barrier and similar electrodes. Spin independent effects had been 
shown to reduce the magnetoconductance ratio under an application of applied voltage 
[Zhang 1998]. The model presented here neglected these effects but demonstrated that a 
fundamental bias dependence is evident from an elementary treatment. 
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The effect of biasing the junction shifts the chemical potential on one side of the 
barrier to the other modifying the range of states available to tunnel through the barrier. 
This would add energy dependence to the polarization and the presence of current 
would modify the band structure and the shape of the barrier causing a modification in 
the tunnelling probability.  
 
The information for the tunnel junction was extracted from first principles band 
structure calculations of Fe. The spin-up electrons have an effective mass of 1.27me and 
1.36me for spin down. Although the exact solution to the wave equation is the Airy 
function, the asymptotic WKB solutions have been used which are accurate for low 
voltages.  
 
Using the experimental data of Zhang (1998) two possibilities of effective 
barrier-height and thickness were fitted to the I-V characteristic. Using the nominal 
thickness of the junction (17Å) the barrier-height was calculated to be 1.8eV. A better 
correlation to the data was found by using an effective thickness of 13Å and a barrier-
height of 1.38eV. However both interpretations lead to barrier heights very much 
smaller than half the band gap of Al2O3 [Xu 1991].   
 
Li used a similar approach to describe the Bias dependence of the TMR [Li 
2004]. The electrodes and barrier are treated as a coherent system by matching the wave 
functions and the derivatives at the interfaces. WKB wave functions are used to 
describe the solution to the wave equation in the barrier region to achieve a simple 
analytic result. 
 
The TMR was found to decrease rapidly with applied voltage and increase with 
barrier height in agreement qualitatively with the transfer matrix method of Montaigne 
[Montaigne 2001]. A coherence factor is reported to be responsible for the rapid 
decrease in TMR with applied voltage and at a sufficiently high voltage negative TMR. 
However, all spin dependent effects are neglected in the model and the differences 
between the effective masses are neglected. The Li model is therefore limited for 
quantitative analysis of experimental systems. 
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2.5.4(e) Review of simple tunnelling models 
 
 The Simmons model is a very simple analytic approach to tunnelling. However, 
like the Brinkman model it was based on normal-metal insulator junctions so their 
applicability to MTJs is questionable. Both models have a clear lack of junction 
parameters. These include the effective masses of each layer and the band-structure of 
the electrodes. The Brinkman model is also a numerical model.  
 
 Simple models have been developed to describe the TMR in terms of the 
polarisation of the electrodes. The first, proposed by Julliere, considered the electrons as 
separate entities [Julliere 1975]. This is clearly not the case. The connection between the 
electrodes through the barrier is evident from a simple wave function matching 
problem. Although the Slonczewski and Bratkovski models consider the insulating 
barrier, they have the same basis so add little to the result [Slonczewski 
1989,Bratkovski 1997].  
 
  Each of these numerical calculations have described the MTJ systems and have 
gone a long way to explain the experimental systems involving simple insulating layers. 
However, these models fail to describe the large TMR using fully epitaxial MTJs. Also 
they are difficult to apply to experimental systems.  
 
 
 
2.5.4(f) Tunnel junctions based on a crystalline insulating layer 
 
 Recent theoretical interest has moved to the transmission of Bloch-wave 
function through MTJs. In these systems the symmetry of the tunnelling states at the 
interfaces is crucial to the calculated current. In these models the Bloch-wave function 
needs to be considered to reflect the periodicity of the lattice and the matching at the 
interfaces.  
 
Initial theories considered magnetic tunnel junctions consisting of a ZnSe 
semiconducting barrier [MacLaren 1999]. In this model Density Functional Theory 
(DFT) is used to calculate the electronic band structure of the materials. The Bloch 
waves were calculated using the layer Korringa-Kohn-Rostoka (LKKR) formulism 
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based on the DFT results. The Bloch states were then matched at the interfaces in a 
transfer matrix method to calculate the transmission coefficient.  The conductance is 
then calculated using the Kubo-Landauer formulism (2.5.21).  
 
The probability of tunnelling through the barrier was found to depend heavily on 
the electron state. The s like states were found to tunnel through the barrier with a high 
probability. The p and d like states were found to tunnel through the barrier with a much 
smaller probability. It was reported that although the majority spin electron states were 
s-like for Fe(001) only p- and d-like states were present for the minority spin channel. 
This analysis provided a fundamental approach to a possible spin filter effect. 
 
This analysis has been extended to the Fe(001)/MgO(001)/Fe(001) tunnel 
junction [Butler 2001]. The conductance calculation was carried out much more 
rigorously. The transmission for the majority spin channel in parallel magnetic 
alignment was found to have a maximum at k|| = 0 in agreement with the simple free-
electron-like tunnelling models. However, the minority spin conductance in parallel 
magnetic alignment was found to have a peak in the conductance at a finite value of k||. 
This was explained by considering that on axis the minority spin channel tunnelling 
wave can only couple to an evanescent state in the barrier with a rapid decay. Off axis 
however the wave function has an s like character and decays much slower in the 
barrier.  
 
 Similar results have been found in Co/MgO/Co and FeCo/MgO/FeCo junctions 
using the calculation method as above [Zhang 2004]. The presence of the s-like states 
for the majority spin channel allowed direct transfer through the barrier in a mechanism 
similar to the tunnelling of a free-electron-like-system. The minority spin channel is of a 
p- and d-like character and decay in the barrier much more rapidly. 
 
 Mathon described The TMR of the Fe(001)/MgO(001)/Fe(001) MTJ [Mathon 
2001]. The Kubo-Landauer formulism is used to describe the conductance through the 
barrier in a similar calculation to the simple tunnelling model as described above 
(expression 2.5.21) [Mathon 1997]. The band structure is described with a tight-binding 
formulism fitted to the ab initio band structure of bcc Fe.  
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Figure 2.15 Dependence on the TMR of an 
Fe(001)/MgO(001)/Fe(001) junction on MgO thickness [Mathon 
2001] 
 
 The TMR was found to generally increase with an increase in thickness reaching 
a high value of 92% (corresponding to an optimistic TMR of 1200%) for 20 atomic 
planes of MgO as shown by Fig 2.15. The conductance of each spin channel was 
dominated by a different tunnelling mechanism. The difference in the tunnelling 
mechanism is shown in Fig 2.16. For the majority spin channel in parallel magnetic 
alignment the conductance is largest at k||  = 0 at the centre of the Fermi surface. For the 
minority spin channel in parallel magnetic alignment the conductance is largest at a 
finite value of k|| in agreement with other models [Butler 2001]. Similarly for the 
antiparallel alignment, the conductance is also found to arise for a finite value of k||. 
 
 
Figure 2.16 Distribution of the partial conductance in the two-dimensional Brillouin zone with 
eight atomic planes [Mathon 2001] for majority spin channel in parallel alignment (a) and 
minority spin in parallel alignment (b). The hole in the conductance is clearly shown in (b).  
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The simple free-electron-like tunnelling models are unable to describe the TMR 
in crystalline MTJs since a different tunnelling mechanism is responsible for the 
tunnelling current. Although the numerical models based ab initio band structures have 
described the tunnelling mechanism in terms of the symmetry matching of wave-
functions at the interfaces. A simpler, preferably analytic model would be required to 
describe these crystalline junctions. 
 
 
 
2.6 Summary 
 
 In this chapter we have reviewed the theory required to understand this thesis. 
The basic theory of ferromagnetism has been discussed including a fundamental 
description of the exchange integral. A simple description of the electronic structure of 
ferromagnetic materials and insulators is provided. Quantum mechanical tunnelling has 
been discussed for a simple square potential barrier and the WKB approximation has 
been introduced. Finally the literature relevant to MTJs has been reviewed including 
simple TMR models, current density models for a simple tunnel barrier and numerical 
models to describe systems with a crystalline barrier. 
 
 Therefore what is needed is a simple description of the tunnelling current for a 
magnetic tunnel junction that is easy for experimentalists to use. The model must also 
be easily extendable to explain the epitaxial Fe(001)/MgO(001)/Fe(001) system within 
a simple framework. 
 
 In the following chapter we will discuss the experiment and the current use of 
the models as discussed above. 
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Chapter 3. Experimental  
Background 
 
3.1 Introduction  
 
In this chapter I will discuss the experimental work that is relevant to this thesis. 
The chapter will begin in section 3.2 with a brief description of the fabrication of 
magnetic tunnel junctions and a possible measurement technique to describe the 
tunnelling current. This will include a discussion of the fabrication mechanisms in 
common use and the properties of the MTJs which are characteristic of the process. 
Section 3.3 will discuss the limitations to tunnelling experiments. This will incorporate 
the properties of thin barriers, the implications of reducing the barrier thickness and 
experimental techniques used to determine whether pin holes are present. Section 3.4 
will discuss the experimental literature to describe the magnetoresistance effect 
beginning with the initial Julliere result leading to room temperature TMR and how 
materials are used to enhance this effect. Finally section 3.5 will review literature of 
experiments specifically using MgO as the insulating barrier material. 
 
 
 
3.2 Fabrication and measurement of magnetic tunnel junctions 
 
A magnetic tunnel junction (MTJ) is a multilayer system usually consisting of 
two ferromagnetic materials separated by a non-magnetic spacer layer. There are two 
methods used for the fabrication of multi-layer systems, including MTJs, either 
Magnetron Sputtering or Molecular Beam Epitaxy (MBE). Here the two methods will 
be discussed and compared for their relative feasibility. 
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3.2.1 Magnetron sputtering 
 
Magnetron Sputtering is a vacuum process where thin metallic films are 
deposited onto substrates of usually silicon, quartz or glass. A schematic of the chamber 
is shown in figure 3.1. The thickness of the film can be accurately deposited from 
thicknesses of one unit cell, on the Angstrom scale, to 1000s of atomic layers and 
structured films can easily be deposited with the use of shadow masks.  
 
 
Figure 3.1 Typical sputtering chamber and 
schematic of the deposition process. 
 
The chamber is first pumped down to maintain a low impurity partial pressure 
typically of 5mTorr. An inert gas is then introduced to the system, typically Ar. A 
voltage is applied across two electrodes ionising the Ar atoms. The main mechanism is 
from electrons colliding with the Ar atoms. The collision frees a further electron which 
in turn can collide with other Ar atoms sustaining the ionisation process.  When an 
electron-Ar atom collision does not have enough energy to emit an electron, the electron 
gets excited to a higher energy state. When this electron relaxes to a lower energy level 
a photon is emitted. If the photon is within the visual range the plasma can be observed. 
The energised plasma ions strike a target of the desired deposition material usually 
chosen as the cathode. This bombardment causes atoms from the target to be ejected in 
all directions with enough energy to bond with the substrate. The collision of Ar atoms 
with the target also releases electrons. By arranging magnetic fields around the target 
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these electrons can be contained enhancing the efficiency of the sputtering process. This 
containment by magnetic fields is known as the magnetron.  
 
This is a quick method for the fabrication of thin metallic films. Although the 
rate of deposition across the surface is difficult to control and deposition rates are often 
not even over a surface [Buchanan 2002]. The actual deposition rate is also an unknown 
quantity. Typically deposition rates depend on the mask used to form the barrier and the 
material itself with a range between 0.48 Ås
-1
 and 15Ås
-1
 [Ladak 2006]. A typical 
method for the determination involves deposition for a long period of time to create a 
thick sputtered layer followed by a direct measurement of the thickness. A simple 
calculation gives an average rate of deposition. For each sputtering material the same 
test is used to determine the deposition rate such that an accurate prescription for the 
tunnel junction can be developed.  
 
The barrier material is the most difficult and arguably the most important layer 
within a magnetic tunnel junction. For tunnelling to be the only mechanism for 
electronic transport across the junction, ideally a perfect insulator needs to be fabricated 
between the two electrodes. This process usually consists of sputtering a metallic layer 
such as Zr, Al or Mg. This is followed by oxidization in a controlled oxygen 
atmosphere known as a glow discharge. The optimum period of oxidation time is then 
crucial to the quality of the junction and is determined by the metal thickness. A thicker 
barrier will require a longer time period to optimise the junction characteristics. The 
migration of oxygen can be uneven and the tunnel junction can be of a reduced quality 
especially if the barrier becomes over or under oxidized. If over oxidized, the top of the 
bottom electrode becomes oxidized creating a composite barrier structure. If under 
oxidized, a metallic layer would remain at the interface of the barrier and the 2
nd
 
electrode [Nam 2004].  
 
Magnetron Sputtering usually produces polycrystalline films with no set order. 
A key focus of fabrication has moved to techniques which improve the quality of the 
junctions after deposition.  
 
Annealing the as-deposited samples has been shown to improve the structure of 
the junctions with increases in the TMR for annealing temperatures up to 300ºC [Sato 
1997, Sousa 1998, Parkin 1999. Cardoso 2000]. Beyond 300ºC the magnetic properties 
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of the junction have been found to diminish [Schmalhorst 2002]. Improved TMR 
measurements for annealing temperatures up to 300ºC are found due to a reduction in 
the defects within the barrier. The annealing process creates better dielectric stability 
and improved voltage dependence. Above 300ºC, the atoms from the conduction line, in 
this case Cu, diffused to the barrier region reducing the electrode polarisation and the 
TMR. At 350ºC the coercivity of the top electrode increased due to interaction with the 
fringe fields from the bottom electrode. At an annealing temperature of 400ºC the 
magnetic moments of both electrodes degrade because of diffusion from other layers 
into the electrodes both above and below the barrier. The large thermal stability of the 
barrier region up to 500ºC created a diffusion barrier.  
 
Similarly optimization of the magnetic tunnel junctions could also be achieved 
by enhancement of the plasma oxidation of an aluminium spacer layer. A tilted plasma 
oxidation method has been reported by Han et al. to induce a gradual change in the 
extent of the oxidization of the metallic Al layer [Han 2004]. While maintaining the 
TMR ratio, the reduction of the barrier thickness and surface roughness is essential for 
lowering the junction resistance. This optimization process becomes especially useful 
when considering thin barriers of thickness less than 1nm. By using this method, clear 
peaks in the MR ratio were observed for the optimum oxidization time enabling a recipe 
to be found for the production of magnetic tunnel junctions of a given Al thickness.  
 
The tilted plasma oxidation method induced a gradual change in the extent of 
oxidation of the Al layer resulting in a gradual change in the TMR ratio and the 
resistance area product (RA), thus, increasing the feasibility of Al in the magnetic 
tunnel junction. 
 
It has also been reported by Lee and Jun that inserting amorphous material 
within the MTJ has been found to increase the TMR [Lee 2003, Jun 2005]. A thin 
amorphous paramagnetic FeZr layer was inserted into the bottom electrode (CoFe). The 
electrode remained magnetically coupled to an antiferromagnetic IrMn layer used 
within the stack, but enhances the growth of the Al layer and improves the surface 
roughness by enhancing the interface quality. This method doubled the TMR from 12% 
to 28% [Jun 2003], but the effect is much reduced after annealing with an improvement 
from 31% to only 34%.  
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In each case the junction morphology is improved with the result of enhancing 
the TMR. The inclusion of amorphous material in the bottom electrode increased the 
resistance of the barrier. Since FeZr is metallic this layer has negligible resistance and 
must act to improve the quality of the interfaces between the electrodes and the barrier 
as well as the quality of the barrier as an insulator. This technique reduces the 
requirement of annealing the MTJ. 
 
The sputtering process is quick and flexible, but gives films which are 
amorphous or polycrystalline in nature. Many processes have been suggested to 
improve the fabricated junction.  However, the processes are impractical for many 
groups and although annealing has become the most popular it is not always shown to 
be successful.  
 
 
 
3.2.2. Molecular beam epitaxy 
 
Molecular Beam Epitaxy (MBE) is the deposition of materials one monolayer at 
a time under ultra high vacuum forming a perfect single crystal structure. The MBE 
system is shown schematically by figure 3.2. The deposition materials are heated 
separately in effusion cells until they can escape through thermionic emission. The 
evaporated materials are stored separately and can be managed by an electronic system 
and individually allowed to condense on the substrate. The thickness of each layer is 
controlled by a computer down to the precision of single layers of atoms. The MBE 
process is relatively slow at around 1 monolayer per second; however this is not a 
problem for the case of thin barriers of the order of a few monolayers. 
 
The chamber must be set up such that the mean free path of the evaporated 
particle is greater than the geometric size of the chamber. A pressure of 10µTorr is 
usually sufficient to satisfy this condition. However the fabrication process is very slow 
in comparison to other fabrication processes. As a result the pressure must be much 
lower and a better vacuum is needed to achieve the same impurity level as the 
sputtering techniques otherwise the evaporated particles will interact before reaching 
the substrate. An ultra-high pressure is required of the order 10
-11 
Torr to produce 
epitaxial samples of a high quality.  
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Figure 3.2 Schematic of the MBE chamber. 
 
 
The low rate of deposition allows the migration of atoms on the surface and 
subsequent surface reactions ensure controlled growth of a new layer. Each atom on the 
heated substrate has enough time to find its place to build up the crystal lattice where it 
bonds to neighbouring atoms. 
 
The samples are usually mounted on rotating holders so that a uniform surface 
can be developed. The growth process can be monitored with the use of images 
obtained by reflection high-energy electron diffraction (RHEED). The RHEED system 
is integral with the MBE chamber and images are formed on the screen. The images 
formed can help calibrate the growth rate, monitor the arrangement of surface atoms 
and demonstrate the surface morphology. Electrons emitted from the RHEED gun strike 
the surface at a shallow angle. The electrons reflect off the surface and strike the 
fluorescent screen forming a pattern of a diffraction pattern and specular reflection. The 
nature of the pattern indicates the surface quality. A smooth surface is indicated by a 
‘streaky’ pattern, a rough surface when the diffraction pattern is not clear and an 
amorphous surface is indicated by a ‘haze’. 
 
The nature of the process allows abrupt changes in the material composition 
through out the deposition of the tunnel junction, therefore achieving crystalline 
interfaces with a complicated structure unachievable by nature (Fig. 3.3). The 
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stochiometric growth of the layers and crystalline interfaces can be affected if the 
chamber is contaminated with other materials. This is usually not relevant though as the 
MBE systems are kept clean. 
 
The growth conditions of the deposited material depend strongly on the atomic 
size, lattice constant and texture of the substrate and the previous layers. The materials 
grow on the substrate to reduce the strain energy between the materials. Each layer has 
a lattice structure and a lattice constant unique to the material. The crystalline nature of 
a multilayer structure depends on the matching of the lattice between the two layers and 
is enhanced when they match precisely. A mismatch between lattices results in strain 
between the layers and can lead to dislocations. In the case of an 
Fe(001)/MgO(001)/Fe(001) multilayer structure the MgO lattice becomes stretched by 
5% in the (001) direction and compressed by 1.2% in the (100) direction in comparison 
to the MgO bulk lattice [Yuasa 2004]. Even though the lattice is compressed it is still 
2.5% larger than the lattice of Fe. To relax the lattice mismatch, dislocations form at the 
interfaces. The top electrode is then found to expand by 1.9% to match the lattice of the 
MgO barrier. 
 
Figure 3.3 An unnatural multilayer structure with one monolayer 
deposited onto a substrate followed with deposition of a second 
material. An abrupt interface is formed between each layer. 
 
Due to the practicalities and expense of the MBE equipment and the flexibility 
of magnetron sputtering many experiments use sputtering systems for the formation of 
magnetic tunnel junctions.    
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3.2.3 Measurement using a 4-point probe technique 
 
 The fabricated MTJs must have an electrical contact configuration which allows 
for I-V measurements and a calculation of the TMR simultaneously. In this technique a 
D.C. voltage is connected to the bottom electrode on one of the contacts as shown by 
Fig 3.4. The junction voltage (VJ) is measured between the other bottom electrode 
contact and a contact on the top electrode. The other contact on the top electrode is 
grounded via a resistor (R).  
 
Both the voltage drop across the junction and the resistor can be measured. The 
current through the junction can be obtained from dividing the measured voltage drop 
across the resistor by the resistance of the resistor. The junction resistance is calculated 
by dividing the junction voltage by the calculated current over the resistor. The TMR is 
then calculated by fixing the applied voltage to the junction and changing the magnetic 
field such that parallel and antiparallel states are realised. A TMR characteristic as a 
function of field can then be displayed. 
 
 
Fig 3.4. Simple schematic MTJ device viewed 
from above with an Fe bottom and top electrode 
separated by an Al3O2 barrier layer. The 
magnetic field can be applied in all directions to 
find the easy axis. 
 
 
 
Fe 
Fe 
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R 
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Top view 
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3.3 Tunnelling criteria  
 
The large room temperature tunnelling magnetoresistance created a strong 
interest into magnetic tunnel junctions for potential applications such as Magnetic 
Random Access Memory (MRAM). To reduce the response time of the MTJ, thinner 
and thinner insulating barriers are used to decrease the RA. However this increases the 
risk of pinholes through the insulator barrier creating direct metal to metal contact 
which can mimic tunnelling behaviour [Rabson 2001, Äkerman 2000]. Experimentally 
it is important to be able to determine whether the current is dominated predominantly 
by tunnelling or by ballistic effects using a non-invasive approach. 
 
Typical RA values of about 1k-1MΩµm2 for tunnel junctions and 1mΩµm2 for 
contacts imply that an angstrom-sized pinhole can dominate the transport properties of a 
micron-sized junction putting high demands on spectroscopic resolution. Criteria are 
required for a fast non-invasive investigation for the presence of pinholes similar to 
Rowell criteria [Rowell 1969] for the case of tunnelling between superconductors. Of 
the original criteria only 3 remain for the case of tunnelling between two ferromagnetic 
electrodes; (i) exponential thickness dependence of the resistivity (R), (ii) quasi-
parabolic dI/dV-V curves, and (iii) insulator like temperature (T) dependence of R. (i) 
and (ii) have been shown to be unreliable [Rabson 2001, Äkerman 2000] and thus only 
(iii) from the original criteria remains as a true indication.  
 
A better set of criteria to establish the presence of pinholes has been found from 
experiment [Äkerman 2001]. (i) A weakly insulator-like temperature dependence on 
resistance i.e. a decrease in resistance with temperature would be expected if the sample 
had an integral barrier. (ii) Decreasing fitted barrier height and increasing fitted barrier 
thickness for decreasing temperature from Simmons [Simmons(1) 1963] and Brinkman 
models [Brinkman 1970]. With the introduction of pinholes, the temperature 
dependence on the fitted parameters is much stronger than when electron tunnelling 
dominates the current. (iii) Increased junction noise at finite bias and (iv) increased 
junction instability at finite bias. A small pinhole has to sustain a very large current 
density raising the local temperature at the point of contact. A shorted device will break 
down much sooner than a device with out pinholes giving the device a low 
magnetoresistance and resistance.  
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A similar study was carried out more recently by Oliver et al. with low 
resistance MTJs to test the tunnelling criteria [Oliver 2003]. The samples were 
subjected to a gradually increasing voltage up to and above the known breakdown 
voltage. The samples were then characterised into two groups. The group of junctions 
which exhibit intrinsic breakdown show a sudden drop in resistance after the breakdown 
voltage has been reached caused by voltage stress degrading the junction. The group 
which exhibit intrinsic breakdown have a gradual reduction of the resistance. This is 
caused by defects within the barrier resulting in ohmic contact. 
 
Both groups of shorted junctions and working junctions showed an exponential 
dependence of the resistance with the barrier thickness. I-V measurements then showed 
that the current of each junction had a quasi-parabolic dependence with voltage. Finally 
the junction resistance was measured as a function of temperature. The working barrier 
MTJs showed a weak insulator-like dependence with temperature. At voltages just 
greater than the breakdown voltage, the shorted samples still exhibited an insulator-like 
dependence. It was only after much higher voltages were applied that a metallic-like 
resistance dependence was found. As a result of this study it was concluded that the 
three criteria studied were not conclusive for the appearance of pinholes. 
 
 
 
3.4 Experimental literature 
 
3.4.1 Tunnelling magnetoresistance 
 
In 1975 Julliere reported on spin valve structures of the type Fe/Ge/Co and 
Fe/Ge/Pb. The barrier height was deduced from current-voltage plots to be of the order 
100meV. Observations of the Fe/Ge/Pb junctions I-V characteristics showed that the 
conduction was due to tunnelling electrons. Since the Fe/Ge/Co junctions were grown 
under the same conditions it was deduced that tunnelling was the main transport 
mechanism through the semi-conductor of thickness 100Å. The measured fractional 
change in conductance was found to be 14% at temperatures less than 4.2ºK.  
 
For these novel magnetic systems to be of practical significance, high 
reproducible TMR (>>10%) at room temperature is of paramount importance for the 
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use of these devices in magnetic sensors and memory applications. However, in similar 
experiments to Julliere, the change in resistance was found to be considerably less and 
only a few fractions of a percent at room temperature. Studies from 1982 to 1994, on 
magnetic tunnel junctions consisting of either NiO or AlOx insulators separating Ni and 
Co electrodes, found a change in the tunnelling conductance of between 2-7% at low 
temperature [Maekawa 1982, Nakatini 1991, Nowak 1992, Miyazaki 1993, Seuzawa 
1992, LeClair 1994]. When the temperature was increased the effect was reduced to 
only a few fractions of a percent (0.07% [Seuzawa 1992]) with the highest reported at 
2.7% at room temperature for a NiFe/AlOx/Co junction [Miyazaki 1993].  
 
In 1995 Moodera found reproducible high magnetoresistance effect at room 
temperature [Moodera 1995]. In this experiment MTJs were fabricated with a top 
electrode consisting of CoFe, a barrier layer of Al2O3 and the 2
nd
 electrode was either 
Co or NiFe. The fractional change in junction resistance was found to be 11.8%, 20% 
and 24% for temperatures 295, 77 and 4.2ºK respectively. The higher TMR could be 
attributed to the better fabrication methods of the MTJ. Smooth ferromagnetic layers 
were brought about by deposition of thinner films on a liquid nitrogen cooled glass 
substrate. Although the TMR was found to change very little with low bias, the TMR 
decreases significantly at high bias above 0.1V bringing new considerations towards 
technological applications. These results increase the feasibility for applications in 
magnetic memory or magnetic sensors, however, the large voltage dependence would 
have to be overcome for these applications.  
 
 By improving barrier growth conditions and optimising the oxidation, TMRs of 
the order 20-30% were reported by Sun [Sun 1999] using amorphous Al2O3 as the 
insulator. In this study the TMR was found to be sensitive to the thickness of the 
insulator and above a thickness of 11Å the TMR was found to decrease. Both Wang and 
Tsunekawa independently reported the highest reported TMR with Al2O3 of 41% in 
2004 [Wang 2004, Tsunekawa 2004]. Although this is encouraging since it is much 
larger than found previously, it still limits the possibilities within technological 
applications.  
 
Al2O3 has become a popular barrier material within magnetic tunnel junctions 
because of the good wetting properties of Al and the feasibility of oxidation through a 
plasma oxidation technique. 
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3.4.2 Barrier materials for enhanced tunnelling magnetoresistance 
 
The properties of the barrier play an important role in the magnetotransport 
behaviour. The evolution of the barrier over the fabrication process is important for the 
enhancement of the MTJ. It is important to establish the role of the barrier material for 
the enhancement of the tunnel junction. 
 
When fabricating a MTJ the oxidation process of the barrier layer must be 
optimized for a given thickness of the deposited metallic layer. As discussed earlier the 
junction is fully optimised when the whole of the barrier layer becomes uniformly 
oxidised without impinging on the quality of the electrodes. Any reduction in the 
quality of the junction can result in very different behaviour. 
 
The measured thickness of the MTJ has been found to substantially increase 
with oxidation time [Buchanan 2002]. The barrier thickness (after 1 minute of 
oxidation) was found to double after oxidation for 5 minutes from 16.1Å to 31.2Å using 
Grazing Incidence X-ray Reflectivity measurements (GIXR). However fitting the I-V 
curves to the Simmons model [Simmons 1963] gave a small increase to only 16.1Å for 
the same tunnel junctions. 
 
The calculated result is substantially less than the measured values and suggests 
that electron tunnelling is localised to specific regions across the barrier where the 
thickness is reduced from fluctuations due to nonconformal roughness. Non-uniform 
growth of the barrier causes the thickness to vary over the sample such that current 
concentrates in areas, known as hotspots, where the barrier is thinnest. Fitting the 
junction characteristics using the I-V data in this case clearly finds an effective 
tunnelling thickness much less than the average thickness found by the GIXR 
measurements. 
 
Technological applications require the compromise between a large TMR and a 
low resistance area product (RA) for high data speed transfer with low noise. For Al2O3 
barriers, thicknesses of less than 1 nm could be required. However, thinner barriers can 
increase the risk of pinholes and defects in the oxide become prevalent across the 
barrier decreasing the breakdown voltage and the junction feasibility.  
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As the barrier material gets thinner, the length of time needed to fully oxidise 
the barrier also reduces considerably, increasing the possibility of either over-oxidizing 
or under-oxidising the barrier. Various oxidised barrier materials (HfOx, HfAlOx and 
ZrAlOx) have been studied and compared to Al2O3 as a possibility for thinner barriers 
of a higher quality [Wang 2003]. Wang reported that HfOx made the thinnest 
continuous barriers with a low RA of 0.4 Ωµm
2
 at a thickness of just 4 Angstroms 
[Wang 2003]. However the junctions have a low room temperature TMR of only 5.5%. 
While HfAlOx and ZrAlOx are more continuous and uniform than the tunnel junctions 
with Al2O3 they also have the compromise of a low RA (1-5Ωµm
2
) and reasonable 
room temperature TMR of 12-14% for thicknesses of the order of 5Å. This is in 
comparison to the TMR of 17% and RA of the 10Ωµm
2
 for Al2O3 junctions of thickness 
7Å. 
 
A reduced RA could also be achieved by using insulators with a lower barrier 
height. The band gap of Al2O3 has been measured from experiment to be 9.4eV. 
Theoretical predictions suggest a value of 6.29eV to be appropriate [Xu 1991]. A barrier 
height of between 3eV to 4.75eV could be expected within MTJs. Fits to junctions with 
an Al2O3 barrier using the Simmons model [Simmons(1) 1963] have predicted barrier 
heights of the order 1.56eV [Rottländer 2002], 2eV [Ladak(1) 2005] and 1.38eV using a 
model proposed by Davis et al. [Davis 2000]. These results are much lower than that 
expected and are due to the lack of physics in the basic theory. A more appropriate but 
simple model would be required to address this problem.  
 
The most common material chosen for its small barrier height, especially for hot 
electron tunnelling in double MTJ experiments, is Ta2O5 [Ladak(2) 2005]. Rottländer et 
al. first proposed Ta2O5 as an alternative to Al2O3 in 2001 [Rottländer 2001]. The 
normalised temperature dependence (room temperature current normalised to the 
current at 80°K) gave barrier heights of the order of 0.3eV. This allows the thickness to 
be much larger without increasing the RA significantly. However, the room temperature 
TMR was much smaller in comparison to Al2O3 at 2.5% while Sharma also reported 
negative TMR using a single Ta2O5 tunnel junction at high voltages [Sharma 1999]. 
Further studies have found the Ta2O5 barrier height to be larger at 0.58eV [Rottländer 
2002] up to 0.8eV [Ladak(2) 2005].  
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Another low barrier height material is Yttrium oxide prepared by plasma 
oxidation [Dimopoulos 2003, Dimopoulos 2004]. The barrier height of Y2O3 is found 
from fitting I-V characteristics to the Brinkman model [Brinkman 1970] to be between 
0.53 and 1.3eV. The band gap of Y2O3 is 4.5eV [Xu 1997] so a barrier height of around 
2.25eV could be expected. The calculated result is much lower than the extracted 
parameter and the justification of the Brinkman model in this instance is once again 
questionable. The junctions are found to have room temperature TMR of the order of 
25% at a thickness of 1.5nm. Although these results are unremarkable in comparison to 
Al2O3, the barrier was found to be amorphous but have a very low roughness and low 
RA of 0.13Ωµm
2 
making them suitable for physical devices. 
 
Amorphous AlN barriers have been reported to have barrier heights reported at 
around 2-3eV [Yoon 2004, Tsunoda 2005] for comparison with Al2O3. AlN has a lower 
band gap, affinity for reactive gases for metals, and lower diffusion coefficient of 
nitrogen in the insulator than that of oxygen [Sharma 2000].  
 
Junctions incorporating AlN up till 2001 had been restricted to a maximum 
TMR of only 33% [Wang 2001]. By using a microwave–excited plasma method with 
5% N mixed in inert Ar or Kr, the TMR has been increased to 49% and 34% with an 
RA of 30kΩµm
2 
and 15kΩµm
2 
respectively [Yoon 2004]. The enhancement of the 
average barrier height and the reduction in its fluctuation must be precisely controlled to 
achieve a high TMR ratio. Tsunoda also found high TMR above 30% using a radical 
nitridation of Al films [Tsunoda 2005].  
 
 Other junction materials have been reported as possible replacements to Al2O3 
including the amorphous insulators aluminium oxyfluoride [Kim 2004], hafnium 
oxyfluoride [Yu 2004] and ZnSe [Jiang 2003]. The Al based junctions had a TMR of 
25% but a large RA of 1Mµm
2
. However the Hafnium based junctions had a room 
temperature TMR of 8.3% with a barrier height of 0.85eV fitted from the Simmons 
model. Finally similar results were found with junctions consisting of a ZnSe. A 10% 
TMR was found with a barrier height fitted from the Simmons model of just 0.8eV. 
Although here a clear decrease of TMR with the thickness of the barrier is found. 
 
Improvement of the quality of the insulating barrier is of paramount importance 
for the improvement of the magnetic tunnel junction. The physical properties of the 
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magnetic tunnel junction such as TMR, resistance and bias dependence are sensitive to 
the quality of the insulator, specifically the surface roughness or the degree of oxidation 
or nitridation.  Many materials have been suggested as possible replacements for the 
Al2O3 tunnel barrier. Although most materials presented above have lower barrier 
heights the TMR is usually found to be much lower than that found by Al2O3. Recent 
interest has moved to a crystalline insulating layer, MgO. These experiments will be 
discussed separately in section 3.5.  
 
 
 
3.4.3 Electrode materials for enhanced tunnelling magnetoresistance 
 
Early experiments found that the proportion of conduction electrons of a given 
spin orientation in ferromagnetic materials was not equal to the proportion of 
conduction electrons of the opposite orientation as found in normal metals. Hence the 
term ‘spin polarization’ of ferromagnetic materials was founded. The electrode 
materials must also be considered for the enhancement of the magnetoresistance ratio. 
These usually consist of the ferromagnetic materials Ni, Fe, Co and their alloys; 
however, interest is now growing in a new type of ferromagnetic material, the half 
magnetic ferromagnet. Using the simple theories of TMR, it is assumed that improving 
the spin polarization will enhance the TMR.  
 
Early theories considered the spin effects of superconductors [Fulde 1973], 
however, it was evident that using Al with a ferromagnet electrode would give 
interesting results. The first experiments to quantify the polarisation of the electrodes 
used superconducting tunnel junctions consisting of a ferromagnetic (FM) first 
electrode separated from a superconducting second electrode by a thin insulating barrier 
layer usually a metal oxide such as Al/Al2O3/FM. The current through the system 
depends on the product of the density of filled states at a given energy in electrode one 
and the density of empty states at the same energy on electrode two multiplied by a 
matrix element describing the probability of tunnelling through the barrier layer. The 
energies involved in superconducting are only of the order of milli-volts while the oxide 
barrier is usually a few volts in height so the matrix element can be taken to be 
independent of energy.  
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The Bardeen-Cooper-Schriefer (BCS) [Bardeen 1957] theory leads to a 
superconducting density of states with an energy gap, ∆, in the excitation spectrum on 
each side of the Fermi level and has singularities in the density of states for E = ±∆. In 
ferromagnetic materials a partially filled s band was expected to provide many of the 
tunnelling electrons and because of s-d interactions the conduction electrons should be 
polarised. Early experiments were performed on Nickel due to its ferromagnetic 
properties and it was believed that the majority spin d band was filled and located below 
the Fermi energy while the minority spin d band was partially filled and had a large 
density of states at the Fermi energy as shown by fig. 3.5 [Hodges 1966]. The 
polarization of the tunnelling electrons would give rise to asymmetry in the measured 
tunnelling conductance and reflect the density of states from a 
ferromagnetic/superconductor tunnel junction. 
 
EF
E
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Fig. 3.5 Spin split density of states schematic for a 
ferromagnetic material. The majority spin electrons 
are denoted spin up and the minority spin down 
 
Tunnelling conductance measurements as a function of the voltage for various 
magnetic fields show an asymmetry about V = 0 implying the tunnelling electrons are 
partially polarized. The initial analysis gave a value of the polarization of 11±1% 
[Tedrow 1973] signifying that the electrons in the tunnelling current were 
predominantly spin-up, with magnetic moments parallel to the magnetization in the Ni. 
Better junction preparation, measurements and theoretical analysis of the results has 
now given a much larger value, although qualitatively the same results for the 
polarization of Ni (23%) as well as other ferromagnetic metals such as Fe (40%) and Co 
(35%) [Meservey 1988].  
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 Using the Julliere analysis as described by section 2 [Julliere 1975], the TMR is 
described by  
 
TMR = 2PP ' 1+ PP'( ) ,      3.4.1 
 
Where P is the polarisation in the emitter electrode and P′ is the polarisation of the 
collector electrode. So using similar Ni electrodes a TMR of 10% could be calculated, 
Co electrodes would give a value of 22% and 28% for Fe electrodes. This analysis 
suggests that a polarisation of 100% would give rise to a TMR of 100%. 
 
 Alternatively this gives another method to characterise the TMR. By rearranging 
equation 3.4.1 the polarisation can be expressed in terms of TMR (a measurable 
quantity) and the larger the polarisation of the electrodes the larger the TMR of the 
system. 
 
In 1903, Heusler first described ferromagnetic manganese alloys [Heusler 1903]. 
Eighty years later de Groot discovered a new class of magnetic materials, half-metallic 
ferromagnets, which included some of these manganese alloys [Groot 1983]. These 
materials have the unique property where the majority spin-up electrons have the 
properties of a semiconductor while simultaneously the minority spin-down electrons 
have the properties of a normal metal. Heusler alloys are theoretically predicted to have 
a spin polarization of 100% making them attractive for TMR devices [Wolf 2001].  
 
Junctions consisting of the alloy Co2MnSi (Co2MnSi/AlOx/Co70Fe30) have 
shown a (pessimistic) TMR of 49% at 1mV and 20ºK and 29% at 280ºK [Schmalhorst 
2005]. By fitting this to expression 3.4.1, this gives a polarization of 65.5% for the 
Co2MnSi alloy assuming a polarization of 49% for the top Co70Fe30 electrode. This 
value is much lower than the predicted 100%. The bias voltage and temperature 
dependence of the TMR is larger than for the optimised Co70Fe30/AlOx/Ni80Fe20 
reference junctions at 42% for 10K and 29% at 330ºK. However, the properties of the 
Co2MnSi electrode are lost at room temperature as the Mn becomes paramagnetic. This 
feature must be overcome if these materials are to be used in practical devices such as 
MRAM which operate around room temperature.  
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 More recently Tezuka has reported on the TMR of an MTJ consisting of an 
epitaxial Co2FeAl0.5Si0.5 Heusler bottom electrode and a Co75Fe25 top electrode 
separated by an Al2O3 barrier layer [Tezuka 2006]. The TMR was 51% at 5ºK after 
annealing below 400ºK. Crucially, though, a large room temperature TMR of 42% was 
found increasing the importance and potential application in these devices. 
 
  
 
3.4.4 Review of magnetic tunnel junctions with amorphous barriers 
 
 The most common amorphous barrier material used for MTJs has been Al2O3 
and the standard method used to extract the barrier-height and thickness is the Simmons 
model [Simmons(1) 1963]. However, the results are found to be inconsistent and 
depend heavily on the fabrication. The measured TMR using Al2O3 as the barrier 
material is found to vary between 10% [Ladak 2006] and 41% [Wang 2004]. The 
extracted barrier-height from the Simmons model varies widely from 1eV [Ladak 2006] 
to 2eV [Ladak(1) 2005] and 1.38eV using the Davis model [Davis 2000] in comparison 
to the band gap experimental measurement of 9.4eV and the theoretical calculation of 
6.3eV [Xu 1991] implies a barrier height of 3eV to 4.75eV would be expected. 
 
 A similar underestimate was reported using Y2O3. A barrier height of 0.53eV to 
1.3eV has been estimated [Dimopoulos 2004] in comparison to a measurement of 4.5eV 
[Xu 1997]. 
 
 However, the Simmons model has generally predicted lower barrier heights for 
junctions that have been reported with low TMR such as ZnSe where a TMR of only 
10% gave a barrier height of 0.8eV [Jiang 2003] and Ta2O5 with a 2.5% TMR and 
barrier height of less than 1eV [Rottländer 2001]. 
 
 Since these simple models consistently fail to predict realistic barrier heights it 
is difficult to interpret the results for other barrier materials where accurate band 
structure calculations have not been discussed. This approach prevents the true 
optimisation of the MTJ. 
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3.4.5 The MgO magnetic tunnel junction 
 
The performance of the MTJ devices with AlOx as the insulating layer is limited 
in the current studies by a modest 41% TMR [Wang 2004]. As discussed in chapter 2, 
theoretically, systems of the structure Fe/MgO/Fe have been predicted to exhibit much 
higher (optimistic) TMR values in perfectly ordered (100) orientated single crystalline 
MTJs to the order of 1200% [Mathon 2001].  
 
Extensive experiments have been performed on the fully epitaxial 
ferromagnet/MgO/ferromagnet systems. Initial experiments of Wulfhekel followed the 
initial theoretical calculations and investigated the tunnelling characteristics [Wulfhekel 
2001]. However the TMR was found to be small. Bowen reported a TMR of 38% at 
30ºK [Bowen 2001] while Mitani reported only 19% TMR at 4.2ºK [Mitani 2003]. 
Vincent and Yuasa each reported high room temperature TMR at 40% and 47% 
respectively [Vincent 2003, Yuasa(1) 2004], much less than that predicted and similar 
to that of a junction consisting of AlOx.  
 
These results have been surpassed by Yuasa et al. with a TMR ratio of the order 
of 64% at room temperature [Yuasa(2) 2004]. Fitting to the I-V curves [Simmons(1) 
1963] shows a barrier height of only 0.4eV, much lower than the perfect barrier height 
of 3.7eV for MgO [Wulfheckel 2001]. This value is very much lower than the expected 
value. This method is therefore inappropriate for the determination of the barrier 
parameters and a new method would be required. Yuasa also reported that the MR 
exhibits an increasing but oscillatory behaviour as a function of thickness, the amplitude 
of these oscillations decrease with applied bias voltage [Yuasa 2004]. 
 
Similarly, Parkin reported on sputter deposited polycrystalline MTJs consisting 
of the structure CoFe/MgO/CoFe grown on an amorphous substrate layers but with 
highly oriented (100) MgO tunnel barriers fabricated at ambient temperature [Parkin 
2004]. These MTJs exhibited TMR values of up to 69% at RT and 300% at low 
temperatures. However this fabrication method found no significant variation of TMR 
with thickness contrary to other experiment and theory [Mathon 2001, Yuasa[2] 2004]. 
The measured barrier height though was found to be up to 1.7eV but is still much lower 
than expected between CoFe electrodes and an MgO barrier [Pederson 1967].  
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Further studies have been carried out on sputtered junctions incorporating boron 
in the electrodes. It has been reported that large magnetoresistance effect of the order 
70% at room temperature can be achieved when the MgO barrier layer is sandwiched 
between two amorphous CoFeB electrodes [Djayaprawira 2005]. The amorphous nature 
of the electrodes allows the crystalline growth of the MgO layer without the problems 
of lattice mismatch which occurs when the electrodes have been fabricated epitaxially. 
Although, annealing is used to realise the (001) crystal orientation. Dislocations at the 
interfaces do not occur in this case forming a better tunnel junction.  
 
A similar study was carried out by Lee using CoFeB/MgO/CoFeB MTJs [Lee 
2006]. The key difference in this study was the use of Ru as a spacer layer within one of 
the pinned electrodes. The TMR increased with the annealing temperature and had a 
maximum of 78% at an annealing temperature of 425ºK. The Ru layer played an 
important role in creating highly (001) ordered CoFeB electrodes. 
 
 
 
3.5 Summary 
 
There are many materials that show promise for the incorporation into magnetic 
tunnel junctions which can be used in the production of devices such as magnetic 
random access memory and magnetic sensors. Most of the experimental interest into 
tunnel junctions has concentrated on amorphous Al2O3 as the insulating layer separated 
by either Fe, Ni, Co or their alloys. However extensive work with Al2O3 has found a 
rather modest magnetoresistance of approximately 41%.  
 
Many barrier materials have been suggested with lower barrier heights than 
Al2O3 to reduce the RA and new materials such as half-magnetic ferromagnetic Heusler 
alloys have shown promise for magnetic devices due to the theoretically predicted 
100% polarisation. However, most progress for other materials has now been 
overshadowed by experiments using MTJs consisting of crystalline (001) MgO barrier 
layers. Other studies have focussed on the formation of better junction growth such as 
the use of amorphous materials within the electrodes to improve growth on the 
substrate. 
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However, although the resistance of the junction is a measurable property, the 
thickness of the insulating layer and the barrier height are much more difficult to obtain. 
Only a direct measurement of the tunnel junction such as tunnelling electron 
microscopy (TEM) is able to find the thickness or photo emission to determine the 
barrier height. The current theories used to fit the experimental data, including the 
junctions with crystalline MgO, are from the 60’s and 70’s but are not appropriate and 
underestimate the values of the barrier height quite considerably when compared to half 
the band gap of the insulator.  
 
A simple model, which correctly predicts the barrier height for these systems, is 
clearly required.  
 
In the following chapters simple analytic models to describe the tunnelling 
through MTJs will be developed. Using realistic barrier parameters a base numerical 
model will be investigated in chapter 4 with the aim of the model to be able to predict 
realistic barrier parameters as an alternative to the Simmons model. This model will 
establish the key junction dependencies such that a simple analytic model can be 
realised in chapter 5. The use of the correct matching conditions and barrier parameters 
will allow for a simple model in agreement with the numerical analysis of chapter 4. 
However, the model will be transparent and the key physics can be extracted. These 
models are then easily extendable to the epitaxial MgO systems where the symmetry of 
the electronic structure is important. Here simple free-electron-like models will be 
developed to describe the effects found by the ab initio calculations and experiment 
allowing for a new interpretation of the experiment. 
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Chapter 4. Numerical approach to  
magnetic tunnel junctions 
 
4.1. Introduction 
 
This chapter will discuss a base numerical model against which the 
approximations to an analytic model can be judged and the accuracy of the Brinkman 
(1970) and Simmons (1963) models gauged. It will discuss the variation of the possible 
parameters connected to the materials in both the electrodes and the insulating barrier. 
The model thus allows us to make a direct comparison between possible materials in the 
electrodes and the barrier. It will also show the differences to the traditional tunnelling 
models. 
 
The results will demonstrate the behaviour of tunnel junctions at particular 
applied voltages which have been achieved by experiments. We find that the current 
density is a sensitive calculation based on the materials chosen for the barrier. It is the 
combination of all parameters that need to be considered for the extraction of realistic 
parameters within an experimental junction. 
 
In section 4.2 the basis to the model will be set up for the calculation of the 
current density through a MTJ. In sections 4.3 and 4.4 the development of a numerical 
solution will be explained including the calculation of the probability of tunnelling 
through the insulating region for a generalised barrier. The standard model for the 
transmission coefficient through a potential barrier is discussed and a new Enhanced 
WKB model (EWKB) is developed which is more accurate over a wider range of 
parameters including the applied voltage. In section 4.5 the results of the numerical 
model are discussed and comparisons are made with the standard models used to 
interpret experimental systems. We will concentrate mainly on the Simmons model as it 
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is the most widely used, although the results will apply equally to the Brinkman model. 
In section 4.6 the results of TMR calculations will be presented and comparisons will be 
made to experimental systems and previous theoretical calculations.   
 
 
 
4.2. The Model Basis 
 
 The two traditional models by Simmons (1963) and Brinkman (1970) 
respectively are used extensively for the determination of experimental barrier thickness 
and barrier-height. However, as discussed in section 2.5, the assumptions of the models 
limit the feasibility of extracting realistic parameters.  
 
In this model the contacts of the MTJ are ferromagnetic materials. A typical 
ferromagnetic material such as Fe has a complicated band structure. The d bands are 
only partially filled and account for the states near the Fermi energy. After application 
of an external magnetic field the spins on the electrons have a tendency to align and if 
saturated the electrode becomes ferromagnetically aligned. The generalised Simmons 
model for the tunnelling current at zero temperature is independent of the bandwidth of 
the electrodes and the effective mass of the carriers in the electrodes. The Simmons and 
Brinkman models also consider an un-polarised source of electrons from the electrodes. 
These assumptions are inaccurate for a MTJ and imply the same tunnelling current for a 
range of different materials.  
 
The full band structure of ferromagnetic materials is complicated because the 
flat ∆5 bands hybridize with free electron like ∆1 bands near the Fermi energy as 
discussed in section 2.3.4. However, ab initio models using the full band structure have 
failed to demonstrate the functional nature of the material parameters. The quasi-
parabolic nature of the d bands near the Fermi energy is evident as demonstrated in Fig. 
4.1 (adapted from Calloway (1977)). It is then possible to approximate the majority and 
minority spin states with parameters extracted using the Nearly Free Electron Model on 
the underlying electronic structure. This approach has been used by many groups in the 
past [Davis 2000, Liu 2000, Montaigne 2001] and has been successful in demonstrating 
the nature of a spin dependant MTJ. 
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Figure 4.1 Band structure of Fe(111). Solid lines and 
broken lines represent spin up and spin down electrons 
respectively. The blue lines represent the simplified band 
structure. Adapted from Calloway (1977). 
 
The effective mass for a band is found by the second derivative with respect to 
the wave vector of the energy dispersion curve evaluated at the Fermi energy i.e. 
 
ji
ij
kk
E
m
∂∂
∂
=
2
*  .        4.2.1 
 
Each of the contacts in this model are considered separately so that it is possible to go 
beyond a similar electrode assumption as considered by the early models. Both 
electrodes can consist of either different materials or the same material with different 
coercive fields such that the antiparallel alignment can be realised. By considering each 
spin state separately, the symmetry requirements of the tunnel junction can be realised 
which are explained later in chapter 6.  
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The barrier material is treated in a similar manner to the contacts. The barrier-
height is dependent on how the band structure of the electrodes matches onto the band 
structure of the insulator. The effective mass is dependent on the curvature of the 
tunnelling (complex) band.  
 
Figure 4.2 Schematic potential for a single insulating barrier with 
applied bias voltage, V, and thickness, d. The Fermi level in the first 
electrode is EF1, and the Fermi level in the second electrode, EF2, the 
latter is lowered by an energy equivalent to the applied voltage. 
  
The system is reduced to a simple tunnelling problem where the potential due to 
the applied voltage and the barrier, φ(x), acts on the electrons in the barrier region. The 
applied voltage reduces the potential in the second electrode and is shown schematically 
for a given magnetisation in Fig. 4.2. A different magnetic alignment results in a 
different potential profile representing the system which manifests itself as an offset in 
the band widths. The semiconductor/insulator is non-magnetic so is unchanged under 
the application of the field. Here we have used abrupt interfaces to model the junction, 
but, the use of φ(x) allows us to go beyond and allows different barriers to be modelled 
effectively and accurately. This approach would be important for the case when 
interdiffusion occurred between the electrodes and the insulator or if a composite barrier 
is used.  
 
The tunnelling electrons in magnetic systems arise from two spin channels, the 
majority spin up and minority spin down, so several channels are needed for the 
calculation of the total current. We require the calculation of the tunnelling current 
through the junction for both spin channels for both alignments of the magnetic 
moments of the electrodes, parallel and antiparallel. 
U0 
EF1 
eV 
EF2 
d 
0 
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We will now move onto the details of the calculation of the tunnelling current. 
For simplicity, zero temperature will be assumed. From quantum mechanics the current 
density for a given electron is given by 
 
  
J =
eh
2m
i ψ∇ψ* −ψ*∇ψ( ) ,      4.2.2 
 
where m is the effective mass of the electron other symbols have their usual meaning 
[Davydov 1973]. This gives the total tunnelling current  
 
  
J =
eh
2pi( )2 m3
dk||k|| dk⊥ T
2
q⊥
k⊥
∫
k||
∫ ,     4.2.3 
 
where k⊥ (q⊥) and k|| (k||) are the components of the effective wave vector of the incident 
(transmitted) electron, and T is the transmission amplitude. The flux through the barrier 
is a three-dimensional integral over all tunnelling electrons and is directly proportional 
to the transmission coefficient, |T|
2
. So T is the critical parameter within this model.  
 
An MTJ with given parameters is characterised by the TMR as defined by 
section 2.5. It is based on differences so the accuracy of the transmission coefficient is 
paramount.  
 
 
 
4.3 The transmission coefficient 
 
  The direct dependence on the transmission coefficient, |T|
2
, on the current 
density requires the accurate model of the probability of electrons transmitting through 
the barrier. This must be carried out in a simplified manner which can be easily 
manipulated to model a wide range of variables and material parameters.  
 
In section 2.4 we discussed the transmission through a simple symmetric square 
barrier. This assumed similar electrodes with the same band width; the effective mass in 
all three materials is the same and a constant potential acts in the barrier region. 
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However, the possibility of different materials with different band widths makes these 
approximations widely inaccurate as we will show later.  
 
If the potential, φ, in the insulating material varies with the position within the 
barrier then the square barrier model is not a good approximation to the transmission. In 
this case the Hamiltonian given by expression 2.4.2 needs to be modified and becomes 
 
( )r
2
2
2
φ+∇−=
j
j
m
H
h
 .      4.3.1 
 
This is of the form of 2.4.18, so, if the potential is slowly varying and we are away from 
the classical turning points then the WKB approximation to the wave function in the 
insulating region is a good approximation as described by section 2.4. The WKB wave 
functions can also include the variation in the barrier potential and be accurate for a 
wide range of parameters.  
 
Replacing the evanescent state with the WKB equivalent 
  
ψ2 = γ
−
1
2 E,V , x( ) aexp dx 'γ E,V ,x'( )
0
x
∫
 
 
 
 
 
 + bexp − dx 'γ E,V , x'( )
0
x
∫
 
 
 
 
 
 
 
 
 
 
 
 , 4.3.2 
 
where γ(E,V,x) is given by 
 
          
  
γ E,V ,x( )= 2m2
h
2
 
 
 
 
 
 
1
2
U − E − φ V ,x( )( )12  ,                                   4.3.3 
 
and symbols have their usual meaning.  
 
 Following section 2.4, R and T can then be determined from the boundary 
conditions. Because of the conservation of momentum and energy the wave functions 
and their inverse mass derivatives at the abrupt boundaries x=0 and x=d must be 
continuous. This gives 
  
 
 
 77 
1+ R = γ− 12 E,V ,0( ) aexp λ E,V ,0( )( )+ bexp −λ E,V ,0( )( )[ ] ,   4.3.4 
ik⊥
1
m1
1− R( )= γ 12 E,V ,0( ) 1
m2
aexp λ E,V ,0( )( )− bexp −λ E,V ,0( )( )[ ] , 4.3.5 
γ− 12 E,V ,d( ) aexp κ E,V ,d( )( )+ bexp κ E,V ,d( )( )[ ]= T exp iq⊥d( ) ,  4.3.6 
γ 12 E,V ,d( ) 1
m2
aexp κ E,V ,d( )( )− bexp κ E,V ,d( )( )[ ]= T 1
m3
exp iq⊥d( ) , 4.3.7 
 
where  ( ) ( ) '',,0,, 0 dxxVEVE ∫= γλ ,      4.3.8 
and  ( ) ( ) '',,,, dxxVEdVE d∫= γκ  .      4.3.9 
 
λ and κ are the phase factors of ψ at the two extremes of the barrier. However if we set 
the phase at x=0, we can simplify 4.3.8 and 4.3.9 to be  
 
 ( ) 10,, =VEλ  ,        4.3.10 
( ) ( ) '',,,,
0
dxxVEdVE
d
∫= γκ  .      4.3.11 
 
A simple rearrangement produces the transmission amplitude, T. 
 
T =
exp −iq⊥d( )4i k⊥ m1( )exp κ E,V ,d( )( ) γ E,V ,0( )γ E,V ,d( ) m22
exp −2κ E,V ,d( )( ) ik⊥
m1
+
γ E,V ,0( )
m2
 
 
 
 
 
 
iq⊥
m3
+
γ E,V ,d( )
m2
 
 
 
 
 
 +
ik⊥
m1
−
γ E,V ,0( )
m2
 
 
 
 
 
 
γ E,V ,d( )
m2
−
iq⊥
m3
 
 
 
 
 
 
 .  
4.3.12 
 
In experimental systems the attenuation factor, exp[-2κ(E,V,d)], of the barrier is large 
due to the practicalities of the insulator thickness. We can therefore approximate 4.3.12 
by taking the most significant terms in the case that 
   
 exp −2κ E,V ,d( )( )<<1 ,      4.3.13 
 
which simplifies the transmission coefficient to a more convenient form 
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If we consider a linear potential across the barrier as used in the past to model an 
applied voltage across a tunnel junction [Li 2004], the barrier then takes the shape of a 
trapezoidal potential. In this approximation, γ(E,V,x) is then expressed as 
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where x is the distance tunnelled through the barrier in 1 dimension.  
 
If we take the case of equal masses in the three regions equivalent to the free 
electron mass with similar electrodes and zero applied voltage we achieve the standard 
result for tunnelling through a simplified potential barrier as derived in section 2.4.  
 
The approximation to the solution within the barrier is dependent on γ(E,V,x) 
being large ( d1> ) and slowly varying over the potential barrier such that the 
momentum can be considered constant over many wavelengths. However, when the 
voltage is large, γ(E,V,x) goes to zero i.e. when  
 
d
Vx
EU =−  ,        4.3.16 
 
corresponding to the classical “turning point” at the interfaces. At this point the WKB 
model fails to calculate the transmission through the barrier. Around the turning point, 
the WKB wave function in the barrier increases rapidly to infinity and the transmission 
probability as measured by equation 4.3.14 will tend to zero. This gives an unphysical 
and highly inaccurate measure of |T|
2
. Considering that most potential barriers range 
from 0.5eV to 4eV depending on the materials used, the effect can be important within 
the experimental range of applied voltages.  
 
To address this failure we consider more closely the matching at the 
interface/turning point by replacing the WKB solution with the exact solution to a linear 
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potential across the barrier, the Airy function Ai(z) and its complement Bi(z). We 
redefine the wave function in the barrier given by 4.3.1 as 
 
ψ2 = aBi E,V , x( )+ bAi E,V ,x( ) .     4.3.17 
 
If we repeat the calculation of the transmission coefficient, we obtain 
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This expression is the exact transmission coefficient for a linear potential across a 
barrier and is similar in form to expression 4.1.13. Where ζ is given by 
(2m2/  h
2
)
1/2
(eV/d)
1/2
.  
 
The energy range in which the WKB solutions are a good approximation to the 
Airy function is limited by the requirement that γ(z) is large. If the Airy functions are 
replaced with their large argument approximations [Abramowitz 1970] 
 
ζ − 13 Ai E,V , x( )→ 0.5pi − 12γ− 12 E,V ,x( )e− γ E ,V ,x( )dx∫  ,   4.3.19 
ζ − 13 Bi E,V , x( )→ pi − 12γ− 12 E,V ,x( )e γ E ,V ,x( )dx∫   ,    4.3.20 
 
we can achieve identical results to the WKB solution with a linear potential. In this 
model we consider the forward and backward evanescent wave functions, as expressed 
by 4.3.17, to be a symmetric system with zero applied voltage. Under an applied bias 
the left hand side of the barrier remains unaltered. Electrons incident on the barrier in 
almost all experimental systems are accurately modelled by the large argument 
approximations to the Airy function for all applied voltages. However, at the interface 
between the barrier and the second electrode γ(E,V,d) tends to zero. Here the argument 
to the Airy function is also small and the WKB approximation is not appropriate.  
  
Although it is possible to use the Airy function solution for the transmission 
through a barrier, the simple analytic functional form of the WKB solution is preferable. 
By comparing the WKB solution with the exact Airy function and a numerical solution 
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for a linear potential, it is possible to fix the transmission coefficient to be accurate at 
high voltages using simple correction parameters to the WKB wave functions. 
 
The denominator of expression 4.3.14, γ2(E,V,d), must tend to 
( ) ( )dVEiAdVEiA ,,,, 2234 ′′ζ  as this is the only functional difference between the two 
solutions. At the point where the voltage is exactly equal to the barrier-height (V = 
V0−E) the argument of the Airy function is equal to zero. The functions are well known 
and can be evaluated exactly [Abramowitz 1970]. The two functions can match onto 
each other with the use of a simple fixing parameter, α. Hence 
 
  
γ 2 E,V ,d( )⇒ Γ2 E,V ,d( )= 2m2
h
2
V0 − E − eV + α( )= ζ 43 A ′ i 
2
E,V ,d( )
Ai
2
E,V ,d( ) ⇒ ζ
4
3
A ′ i 
2 0( )
Ai
2 0( )  ,  4.3.21 
 
where   
  
α =
A ′ i 
2
0( )
Ai
2 0( )
h
2
2m2
 
 
 
 
 
 
1
3
eV
d
 
 
 
 
 
 
2
3
 ,                4.3.22 
 
and  
A ′ i 
2 0( )
Ai
2 0( ) = 0.5315 .                 4.3.23 
 
α is a modifying parameter for the WKB solution which matches the approximation to 
the Airy function solution at applied voltages of the order of the barrier-height. 
Following a similar analysis for the numerator of the WKB transmission coefficient, we 
find that γ(E,V,d) must also tend to the numerator of the Airy function solution when the 
applied voltage is of the order of the barrier-height. In this instance  
 
 
16γ E,V ,d( )γ E,V ,0( )exp −2 γ E,V ,x( )dx
0
d
∫
 
 
 
 
 
 = 4ζ 43 Bi
2
E,V ,d( )
Bi
2
E,V ,0( ) ×
                                                                          
A ′ i E,V ,d( )
Ai E,V ,d( ) −
B ′ i E,V ,d( )
Bi E,V ,d( )
 
 
 
 
 
 
2
 . 4.3.24 
 
Similar to the calculation of 4.3.22, we find that 
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γ E,V ,d( )⇒ Κ E,V ,d( )= 2m2
h
2
V0 − E − eV + β( )   
 
 
 
1
2
 ,   4.3.25 
where  
3
2
3
1
2
2
2
3986.0 











=
d
eV
m
hβ ,                4.3.25 
and  Bi2 0( ) A ′ i 0( )
Ai 0( ) −
B ′ i 0( )
Bi 0( )
 
 
 
 
 
 
2
= 0.3986 ,               4.3.26 
 
The result is that the transmission coefficient for all applied bias is given by an 
enhanced WKB solution (EWKB) expressed as 
 
T
2
=16
m2
2
m1
2
k⊥
2Κ E,V ,d( )γ E,V ,0( )exp −2 γ E,V ,x( )dx
0
d
∫
 
 
 
 
 
 
m2
2
m1
2
k⊥
2 + γ 2 E,V ,0( ) 
 
 
 
 
 
m2
2
m3
2
q⊥
2 + Γ2 E,V ,d( ) 
 
 
 
 
 
 .  4.3.26 
 
We now have three models for the transmission through the barrier, the Airy function 
solution (4.3.18), the standard WKB solution (4.3.14) and the EWKB solution (4.3.26). 
The Airy function solution is exact for a linear potential across the barrier region. 
However, the form does not give the functional dependence required for simple 
numerical and analytic calculations. The standard Airy function solution is a good 
approximation to the Airy function solution provided the argument γ(z) is large 
[Abramowitz 1970]. For the case of applied voltages of the same magnitude as the 
barrier-height the wave functions fail. The EWKB solution corrects the wave functions 
at high voltages and allows for the analysis to continue through the turning point in a 
smooth continuous manner. The EWKB solution matches the voltage dependence of the 
exact Airy function solution accurately for a wide range of material parameters and an 
applied voltage equal to the barrier-height as shown in Fig. 4.3. As the applied voltage 
approaches the classical turning point, the standard WKB model accuracy drops 
significantly away from the expected exponential behaviour. The EWKB model 
matches both the amplitude and slope for all voltages to the Airy function solution 
making it more versatile.  
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Figure 4.3. Variation of the transmission coefficient, |T|
2
, with applied 
voltage. The black solid line represents the standard WKB model, the 
green line with crosses represents the EWKB model and the red 
dashed line represents the standard Airy function transmission. 
 
 
 
Figure 4.4. The percentage error of the transmission coefficient, |T|
2
, 
with applied voltage in comparison to the Airy function solution. The 
black solid line represents the standard WKB model, the green line 
marked with crosses represents the EWKB model and the blue dashed 
line represents an enhanced WKB solution including higher order 
terms in the Airy function asymptotic expansion.  
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Fig 4.4 shows the error of the WKB model and EWKB model in comparison to 
the Airy function solution. It also shows the variation of an EWKB model incorporating 
higher order terms in the asymptotic expansion of the Airy functions. The Airy solution 
enhancement (the EWKB model) provides a more accurate transmission coefficient as 
shown by Fig. 4.3. However the enhancement is based on an asymptotic expansion of 
the Airy function and as such the first order approximation is the best enhancement to 
the standard result. 
 
The characterisation of the MTJ depends on an accurate transmission 
coefficient, so the useful parameter is ∆T / T as shown in Fig 4.4, i.e. the transmission 
coefficient must match closely to the Airy function solution. Within the range of applied 
voltage the error is small and within the experimental range. The second enhancement 
to the WKB solution includes terms up to the 4
th
 order in the correction parameters. 
However, the error is significant for all voltages apart from at zero, where the correction 
parameter has no effect, and when the voltage is equal to the barrier-height when the 
classical turning point is reached. This solution shows that any further terms from the 
asymptotic expansion is detrimental to the result. 
 
The standard WKB error is low at the limit of zero voltage. At only a moderate 
voltage the error becomes significant and increases exponentially with the applied 
voltage. This makes the standard result impractical for use for many tunnelling 
experiments. 
 
 
 
4.4. Basic model and numerical solution 
 
The use of variable effective masses in the electrodes and the barrier allows a 
realistic calculation of the current through the tunnel junction with different materials. 
From section 4.2 the tunnelling current is dependent on the probability of electrons 
transmitting through the barrier. This transmission probability must be calculated as 
accurately as possible for a given set of parameters.  
 
The simple junction has been set up with no defects within the structure and 
consequently we model a coherent tunnelling system where an electron of a given spin 
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enters the barrier and tunnels through with a determined probability from |T|
2
. The 
electron experiences a potential within the barrier region dependent on φ(x) and can 
transmit with the same spin state into the second electrode. The necessity to conserve 
energy and parallel momentum across the junction within this model results in the 
following relationships for γ, Γ and Κ  
 
γ 2(E,V ,0) = k||2 +
m2
m1
k0
2
− k⊥
2
− k||
2( ),     4.4.1 
Γ2(E,V ,d) = k||
2 +
m2
m1
k0
2
− k⊥
2
− k||
2
− k
V
2 + kα
2( ) ,   4.4.2 
Κ2(E,V ,d) = k||
2 +
m2
m1
k0
2
− k⊥
2
− k||
2
− k
V
2 + kβ
2( ) ,   4.4.3 
 
where  
  
k0
2
=
2m1U
h
2
 ,        4.4.4 
  
k
V
2
=
2m1eV
h
2
 ,        4.4.5 
  
kα
2
=
2m1α
h
2
 ,        4.4.6 
  
kβ
2
=
2m1β
h
2
 .        4.4.7 
 
E is the energy of the incident electron; U is the potential of the barrier; m1 (m2) is the 
effective mass of the electrons in the first electrode (barrier), α and β are the correction 
factors matched to the Airy functions.  
 
Using the same approach, the exponential factor in the transmission coefficient 
obeys identical conserved requirements. In the case of a trapezoidal potential barrier 
with the same barrier-height above the band-width of each electrode (symmetric), the 
insulator forms a square potential-barrier in the zero voltage limit. By replacing the 
parameters in terms of their effective wave vectors we derive the expression  
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Due to the complex nature of the current density there are two cases to consider 
reflecting the effective masses. Firstly, the effective mass of electrons in the electrodes 
is equal to that of the electrons in the barrier. In this case the effective wave vectors 
4.4.1-4.4.3 and 4.4.8 become independent of the transverse momentum to the junction. 
From this the transmission and hence the tunnelling current are also independent of the 
momentum parallel to the junction. Thus the tunnelling through the barrier becomes a 
simplified problem dependant on the barrier-height, barrier-thickness and the energy of 
the tunnelling electron similar to the two models of Simmons and Zhang [Simmons(1) 
1963, Zhang 1997].  
 
Secondly, if the effective mass of an electron in an electrode is different to that 
of an electron in the barrier, the tunnelling current is dependent on the transverse 
momentum. In effect, if the ratio of the masses m1
*
/m2
*
 is not equal to unity, the rate of 
change of effective barrier-height the electron experiences changes more rapidly with an 
increase in transverse momentum. The exponential nature of the tunnelling focuses the 
current towards the electrons which experience the lowest effective barrier-height. 
Therefore it is very different in form to that of the current with equal masses.  
 
Putting these assumptions together we find the complete expression for the 
current density for electrons travelling through a trapezoidal potential barrier (which 
takes the square barrier form at zero potential) with barrier-height above the Fermi-
band-width, Vb. The integral over the Fermi-sea of electrons is conveniently split into 
two separate regions of the Fermi surface. At zero temperature the results are given 
physically by the expressions 
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   ,  4.4.9(b) 
 
where  JN =J1 +J2 .                  4.4.10 
 
The contribution from the two regions depends strongly on the difference 
between the applied voltage and the band-width. As shown by Fig 4.5(a), when the 
voltage is low we have a very thin Fermi surface to integrate over. A simple 
consideration of the probability of transmission restricts the electrons tunnelling on axis 
and the region of high k|| (expression 4.4.9(b)) is small in comparison to the region of 
low k|| (expression 4.4.9(a)).  
 
 
 
 
Figure 4.5 Regions of available tunnelling states on the Fermi surface. The 
integration is carried out at (a) low voltage, (b) at high voltage.  The light and dark 
shading refers to the region calculated by J1 and J2 respectively. 
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Alternatively, when the voltage is of the order or greater than the band-width, as 
shown by 4.5(b), the region of low k|| approaches zero and the region of high k|| 
dominates. 
 
The contribution to the current is dependant on the relative voltage. This voltage 
is compared to the band-width of the electrode which contains a net flux of tunnelling 
electrons (the emitter electrode). For simple geometric effects J1 will dominate with 
voltages very much less than the band-width. At high voltages comparable to the Fermi 
energy, J2 will dominate the tunnelling current. Within this approach there are two 
limiting parameters, the band-width of the emitter electrode and the barrier-height. 
Note, within this model we do not calculate the current density for voltages above Vb. 
 
 
Figure 4.6 Current density dependence (J) against the applied voltage (V) 
normalised to the band-width for a typical tunnel junction calculated from equation 
4.4.9. 
 
The transition between the two limits is demonstrated in Fig. 4.6. For a given set 
of parameters, the contribution from J1 dominates the tunnelling current for low 
voltages and remains so for voltages up to half the Fermi energy. By contrast, for low 
voltages the contribution from J2 is effectively zero. For applied voltages comparable to 
half the band-width the contribution from J2 rises rapidly. At a bias voltage comparable 
to the band-width, J2 is the only contribution to the tunnelling current. The current then 
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increases exponentially with respect to the applied voltage equal to the limit of this 
model, Vb. At this limit our model does not accurately calculate the transmission. 
 
The solution is convenient for understanding the EWKB model for the 
transmission through the MTJ. The functional form in each of the terms is evident and 
is easily related to the original wave functions. This model links to the analytic 
Simmons model [Simmons(1) 1963] and to the more complicated transfer matrix 
solutions [Montaigne 2001] and will be used for an analytic solution in chapter 5. This 
model is also important where the band symmetry is required in chapter 6. 
 
 However this double integral solution is inconvenient for a numerical 
calculation. Using the simple substitution k⊥
2
 = kr
2 
cos
2θ and k||
2
 = kr
2 
sin
2θ, we get the 
expression for the total current density in polar coordinates given by 
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and   q2 =
m3
m1
k
r
2 + k
v
2
− k
offset
2( )− kr2 sin2 θ  .               4.4.13 
 
q is the effective wave vector in the second electrode. A different material can be used 
in the second electrode with a different band-width to the first electrode. Hence, koffset is 
the effective wave vector of the offset in the band-widths and in a symmetric system is 
equal to zero. 
 
 The Current density is now an easy and straight forward calculation dependent 
on each of the tunnel junction parameters. As such the current can be calculated using a 
simple numerical method. Within this work the numerical calculation of the current has 
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been evaluated using either a simple trapezoidal method programmed in C. More 
complicated methods were found to agree with this simple method and added little to 
the results. The calculation of the current density is therefore easy and fast to perform.  
 
 
 
4.5 Numerical results and comparisons to the Simmons model 
 
The numerical calculation of current density requires many variables and hence 
currents depend upon a complicated parameter space. From the expressions for the 
current density, 4.4.3 and 4.4.4, the material parameters required within each region of 
the MTJ are given in table 4.1. 
 
Experimentally, for a given material system the variable parameters are the 
thickness of the insulating layer, d, and the applied voltage, V. Typically, the applied 
voltages are from 0 to 0.5eV and the barrier widths from 1nm to 3nm. The key 
unknowns are the barrier-height, Vb, and to some extent d. The thickness is not known 
accurately because of the nature of the fabrication process [Buchanan 2002]. 
 
1
st
 electrode Insulator barrier 2
nd
 electrode 
Spin up mass effective,       m
1↑ Effective mass,  m2 Spin up mass effective,     m3↑ 
Spin down effective mass,  m
1↓ Barrier-height,    Vb Spin down effective mass, m3↓ 
Spin up band-width,           E
F1↑ Barrier thickness, d Spin up band-width,          EF3↑ 
Spin down band-width,      E
F1↓ Applied voltage,  V Spin down band-width,     EF3↓ 
 
Table 4.1. Parameters used to specify a magnetic tunnel junction 
 
These parameters are crucial for experimentalists to optimise and improve the 
junctions. In the case of a metal oxide as the insulator, the metal is first deposited onto 
the electrode followed by oxidisation for a period of time dependent on the initial 
tshickness of the metal. As discussed previously the deposition process depends on 
many factors and accordingly the overall deposition rates can be uneven across the 
surface. The oxidisation process approximately doubles the thickness of the as 
deposited material. However the actual thickness can only be measured accurately by a 
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direct measurement such as Scanning Tunnelling Electron Microscopy (STEM) or 
GIXR. A non-invasive technique is preferable.  
 
The standard method for extracting the barrier thickness and barrier-height 
incorporates a computational method which takes the experimental I-V characteristics of 
a MTJ and fits this raw data to the Simmons model using best guess parameters 
[Simmons(1) 1963]. A least squares fit, or other numerical method, then finds the error 
to the simulated data. The parameters then are incremented and the process is repeated 
until the error is a minimum. The calculation of the current density is a sensitive balance 
between the two factors where a small change in the thickness has a direct effect on the 
approximated barrier-height.  
 
The Simmons model has been used for many years for characterisation of the 
junction parameters so comparisons with our model must be made. The system that will 
be discussed for this comparison will be the Fe/Al2O3/Fe MTJ. The extracted 
parameters using the Simmons model can be directly compared to parameters expected 
by our model. 
 
First of all let us consider a Simmons-like model. The sensitivity of the current 
density calculation is explored by considering that the effective mass within each layer 
is equal to the free-electron mass. For simplicity the contribution from a single spin 
state is assumed to produce the entire current. The band-width is 2.25eV for the majority 
spin electrons in the Γ-Ρ direction as extracted from Fig. 4.1. Typically the extracted 
barrier-heights using the Simmons model are of the order 1-2eV for an insulating layer 
consisting of amorphous Al2O3 [Buchanen 2002]. Experimentally, the barrier-height is 
expected to be of the order of half the band gap of the insulator. The band gap of Al2O3 
has been found to be of the order 6-10eV [Xu 1991]. Therefore we would expect to find 
an extracted barrier-height of at least 3-5eV.  
 
Fig. 4.7 shows the variation in the current density with the applied voltage. The 
barrier-height and thickness have been taken as 3eV and 2nm respectively. As expected 
the current density dependence is linear in the zero voltage limit, but becomes 
exponential at quite low voltages in agreement with previous theory [Davis 2000] and 
experiment [Ladak(1) 2006]. The sensitivity of the I-V characteristics is driven by the 
exponential term and small deviations in either the thickness or barrier-height can cause 
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large variations in the measured current density. These effects should then be reflected 
in the calculated results.  
 
 
Figure 4.7 Graph of the voltage dependence of the current density with a 
barrier-height of 3eV and insulator thickness equal to 2nm. The effective 
masses are all equal to the free electron mass and the Fermi energy is 
2.25eV.  
 
Figs. 4.8(a) and 4.8(b) show the sensitivity to the variation in barrier-height and 
barrier thickness respectively. Although the underlying features of the junctions are 
constant and the same as used for Fig. 4.7, the simulation technique implies that for 
each current there are other parameters which can fit the data. Also, the almost random 
process used to fit the exponential current suggests that small changes to an 
experimental junction will find extracted parameters, which vary widely from another 
junction although, are structurally very similar.  
 
In Fig. 4.8(a) a 10% variation is demonstrated either side of a barrier-height of 
3eV. A change in the barrier-height of only 10% causes an order of magnitude change in 
the current density and even smaller changes in the barrier-thickness are still significant. 
The difference in the calculated current density for the variation in barrier-height is 
greatest when the applied voltage is low. Equally in Fig. 4.8(b) we allow for a 15% 
variation in thickness either side of an average thickness of 2nm. Again a small change 
in thickness creates a large change in the current. At low voltage a 10% decrease (from 
2nm) creates an increase in current density of 1300%. 
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Fig. 4.8. Current density dependence with (a) barrier-height, Vb, for a thickness of 2nm 
and (b) barrier thickness, d, for a barrier height of 3eV showing the sensitivity to 
parameter values. A simple junction is assumed with thickness 2nm and the applied 
voltage ranges from 0.01eV to 1.0eV. 
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The calculation is therefore highly sensitive to both the unknown parameters of 
barrier-height and thickness. Small changes in these parameters influence the current 
considerably. The unknown parameters should therefore be easy to fit to the current so 
why are the barrier-heights extrapolated so far from the expected values? 
 
We will now compare the Simmons model with our full numerical model taking 
into account the many parameters of the MTJ. Unlike the simplicity of the Simmons 
model, the spin-split density of states actually provides two contributions to the current. 
Because there are no spin-flip processes considered within the model developed here, 
an electron of a given spin in the first electrode after tunnelling through the barrier 
material remains in the same spin state in the second electrode. 
 
Considering electrons in both spin up and spin down states, in a two-band 
model, a direct comparison to the Simmons model can be made. The Fe/Al2O3/Fe 
parameters are extracted from the band structure as described earlier. The majority spin 
up electrons have a band width of 2.25eV and an effective mass of 1.27me. Likewise the 
minority spin down electrons have a bandwidth of 0.35eV and an effective mass of 
1.36me, The Al2O3 barrier has an effective mass of 0.4me. Because of the range of 
experimental and calculated values for the band gap of Al2O3, the barrier-height, like 
the thickness will remain as a free parameter. 
 
In Fig. 4.9(a) the I-V characteristics are shown for the Simmons model (dashed 
line) for typical extracted parameters with a thickness equal to 2nm and the barrier-
height 1.5eV [Ladak(1) 2006]. Here our model assumes the Simmons thickness is 
accurate but the barrier-height is to be determined. It is clear from our calculations to fit 
the Simmons model a much larger barrier-height is needed between 3.5eV and 4eV. 
 
In a similar approach, Fig. 4.9(b) shows the current-voltage characteristics of the 
Simmons model for the same parameters as assumed above. This time, the barrier-
height is assumed to be accurate and thickness of the two-band model becomes the free 
parameter. A much larger thickness is required to fit our model to the Simmons model 
data and is between 3 – 3.25nm. 
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 Fig 4.9(a) I-V characteristics showing the variation of the current with 
barrier-height and (b) with barrier-thickness. Comparison between the 
Simmons model and our model, based on a Simmons fit of thickness 2nm and 
barrier-height of 1.5eV showing the effect of realistic material parameters 
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The difference between the possible extracted parameters of the simple 
Simmons model and our model developed above are quite large. If the thickness is 
considered as a fixed parameter the barrier-height from the Simmons model is found to 
be less than half of the expected value found from our model. Likewise if the barrier-
height is assumed to be correct the thickness found from the Simmons model is 
approximately 50% of that found by our model. We can explain these differences in 
terms of the exponential factor of both models. 
 
 
Fig 4.10(a). Logarithmic plot of the variation of the current density for an Fe/Al2O3/Fe system 
with applied voltage. X=× dV
b
 is held constant  at 4.5x10-18 , 6x10-18 and 7.5x10-18J½m.  In each 
graph the range of Vb is constant (2eV, 4eV, 6eV, 8eV) and the thickness is adjusted to maintain a 
constant value of Χ (b) Current density versus applied voltage for X = 7.5x10-18J½m. 
 
A change in the junction parameters has direct effect on the order of magnitude 
of the calculated current with the dominant feature of each being the exponential factor. 
From expression 4.3.15, in the low voltage limit, it is possible to simplify the functional 
form of the exponential factor to the expression m*V
b
× d , where m* is the effective 
mass in the barrier, Vb is the effective barrier-height and d is the effective barrier 
thickness. In the case of the Simmons model m
*
 is the free electron mass me, which for 
most insulators is unrealistic. For example, in the case of Al2O3, the value is reduced to 
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0.4me. For both majority and minority carriers the exponential factor is the same and is 
thus of the same order of magnitude. Hence, if the effective mass is reduced from the 
free electron mass, to fit to the Simmons model, to compensate, either the barrier-height 
or the thickness must increase. In fact, both parameters must be used to fit to the 
experimental result, as shown in Fig. 4.10. 
 
In Fig. 4.10(a) the value of dV
b
× is held constant and determines the 
magnitude of the current. In each case the barrier-height is 2eV, 4eV, 6eV or 8eV and the 
thickness is a free parameter, which scales dV
b
×  accordingly. For each value of 
dV
b
×  the different parameters approximately give the same results as the lines sit on 
top of each other. However, the errors are larger than shown in Fig 4.10(a) and the slope 
is different across the range of parameters as shown by Fig. 4.10(b). Since the 
experimental error is large, this gives us a unique solution to fit to the experiment, 
extracting the parameter dV
b
× . 
 
Previous experimental techniques consider the barrier-height and thickness to be 
the key parameters. Fitting the I-V characteristics only finds the product dV
b
×  in the 
exponent. Because the Simmons model does not contain the correct physics this factor 
is of the wrong order of magnitude and gives fundamentally the wrong results. It is then 
the effective mass, which becomes the key parameter for the extraction of the junction 
parameters.  
 
The complicated parameter space implies that fitting the experimental results is 
difficult. Because small changes in the parameters lead to big changes in the calculated 
current, the extracted parameters can be considered accurate in our model. 
 
 
 
4.6 Numerical calculation of the tunnelling magnetoresistance 
 
The Tunnelling Magnetoresistance (TMR) as discussed in section 2.5.1 
describes the change in resistance as the magnetic alignment of the electrodes switch 
between parallel and antiparallel. We will concentrate on the pessimistic 
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magnetoresistance which takes a maximum value of 100% when the system is a perfect 
spin filter. 
 
The Simmons model as shown previously is extensively used to fit the junction 
parameters of barrier-height and thickness [Ladak 2006, Yuasa(2) 2004, Rottländer 
2002]. However, the lack of information about the electrodes prevents the model from 
describing the TMR [Simmons(1) 1963]. Although the Brinkman model contains more 
of the parameters using a similar basis to the Simmons model, the effective mass effects 
are of paramount importance for the accurate description of the current [Brinkman 
1970].  
 
The Julliere model calculates the ratio of the polarisations of the two electrodes 
and has been extensively used to describe the TMR of experimental systems since its 
conception [Julliere 1975, Moodera 1999]. The model does not include information 
about the barrier material parameters and is therefore highly inaccurate for this purpose. 
The Slonczewski model includes an enhancement to the Julliere model [Slonczewski 
1989]. It incorporates details of the barrier within effective polarisations while 
Bratkovski included the reduced effective mass within the barrier [Bratkovski 1997]. To 
begin with we will compare the Julliere, Slonczewski and Bratkovski models with our 
numerical model for the calculation of the magnetoresistance. 
 
The TMR ratio is a complex calculation which requires many parameters. A 
single MTJ can be characterised by the parameters of table 4.1 used to specify the 
current density. However, with the application of a magnetic field there are twice as 
many magnetic configurations of the electrodes making a complicated ratio. The 
calculation of the current in parallel alignment requires the sum of both majority (up) 
and minority (down) spin channels as calculated in section 4.5. A similar sum is 
required to realise an antiparallel alignment, but instead, an asymmetric potential barrier 
is modelled.  
 
Amorphous barrier materials are still important for devices containing MTJs. 
The most common barrier material used is Al2O3 because it is a good thermal and 
electrical insulator and can be grown easily within a sputtering chamber. The band 
structure of the electrodes will be taken in the (111) direction as used by other 
theoretical groups. To model the electrodes we will use parameters as suggested by 
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Davis et al. which have been fitted to the electronic structure as stated in table 4.2. The 
barrier-thickness, barrier -height and applied voltage will be left as free parameters in 
accordance with experiments.  
 
1
st
 electrode Insulator barrier 2
nd
 electrode 
m
1↑ = 1.27me m2  = 0.4me m3↑ = 1.27me 
m
1↓ = 1.36me Vb m3↓ = 1.36me 
E
F1↑ = 2.25eV EF3↑ = 2.25eV 
E
F1↓ = 0.35eV 
d 
V E
F3↓ = 0.35eV 
 
Table 4.2. Parameters of an Fe/Al2O3/Fe tunnel junction. 
 
In Fig. 4.11 we have shown the low voltage (~ 0) TMR dependence on the 
polarisation of the electrodes. In each case we have varied the thickness from 1nm to 
10nm. The range incorporates the lower limit of experimental Al2O3 barriers and 
exceeds what would be used in experiments. The range of the barrier-height is 0.5eV to 
7eV and includes the smallest estimates found by the Simmons model up to and beyond 
a value expected for a wide band-gap insulator.  The change in polarization is realised 
by taking the spin up band-width as a constant and varying the spin down band-width 
from 0 – 2.25eV corresponding to a polarisation of 1 and 0. The polarisation is the free 
electron Fermi level polarisation of the electrode as used within the Julliere model 
[Julliere 1975]. Hence  
 
P =
k
F↑ − kF↓
k
F↑ + kF↓
  .       4.6.1 
 
We will first discuss and compare the results of the realistic experimental 
parameters for Fe and a barrier-height of 3.5eV as shown by the vertical line in Fig. 
4.11(b). Numerically, the TMR decreases with the thickness of the barrier. For example 
the TMR of a 1nm junction is 43% and this decreases to 33% for a 2nm junction. The 
numerical result tends toward the Bratkovski and Slonzcewski models for unphysical 
systems when the thickness is extremely large (>>10nm). At 10nm the Bratkovski 
model gives a 15% error in comparison to our numerical calculation and a 100% error 
is found for the Slonczewski model. The Julliere result seems to give the correct order 
of magnitude as the numerical model for a barrier thickness of 2nm. However, even 
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with a small increase in the polarisation, the Julliere model underestimates the 2nm 
trend. The simplified models are therefore not useful for realistic systems to describe 
the TMR.  
 
 
 
Fig. 4.11. The low voltage TMR dependence on the polarisation of the electrodes for a range of 
thicknesses between 1nm and 10nm. The barrier-height is (a) 7eV, (b) 3.5eV, (c) 1.5eV and (d) 
0.5eV. The Julliere, Bratkovski and Slonczewski models are indicated by the dashed lines (these 
models are independent of the barrier-thickness). The vertical line indicates the polarisation of 
Fe (P = 0.43) using the Julliere model.  
 
From Fig. 4.11(a) – (d), each of the simple analytic models do not replicate our 
numerical model. Although the TMR increases with the increase in spin polarisation for 
each model, as expected, the lack of physical considerations limits their use. The 
Julliere model is solely dependent on the band-width and therefore any thickness and 
barrier-height dependence is not replicated. The Julliere model assumes the tunnelling 
is dominated by weighting of the exponential factor and when the ratio of the currents is 
taken each of these factors cancel to leave a simple ratio independent of the barrier. 
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This is clearly not the case. Thus, the Julliere result gives fundamentally wrong orders 
of magnitude and does not possess the physics required to describe a MTJ.  
 
Although the Bratkovski and Sloncewski models show the correct trend with 
barrier-height, they are independent of the thickness of the barrier. The consideration of 
a reduced effective-mass (lower than the free-electron-mass) of the electrons in the 
barrier material within the Bratkovski model enhances the Slonzewski model 
considerably in comparison to our numerical model. However, the Bratkovski model 
still has significant errors for all potential barrier structures. The Bratkovski model 
tends to the Julliere model for large barrier-heights, where in this case the correction 
factor to the Julliere model tends to unity. 
 
The simple models based on the polarisation of the electrodes do not replicate 
the real situation well. In fact the polarisation of the electrodes is much more 
complicated for the description of the TMR. In the discussion above we have limited 
the discussion to changing the band-widths in each electrode, barrier-height and barrier-
thickness but there are more parameters which determine the polarisation and the TMR. 
In Fig. 4.12 we have shown the various effective mass dependences on the low voltage 
TMR of an MTJ with similar electrodes. Hence, the effective-mass of the majority spin 
electrons in the emitter electrode, m
1↑, is equal to the effective-mass of the majority 
spin electrons in the collector electrode, m
3↑ (i.e. m↑), and similar for the minority spin 
electrons (i.e. m↓).  
 
The electrode parameters are determined by the material and the direction of 
growth. From section 2.3 the 3d ferromagnetic material’s band structures are similar in 
form. If the tunnelling band is quasi-parabolic, s-like, the effective mass of the electrons 
is similar to the free electron mass, me. However if the tunnelling band is much flatter, 
d-like, the effective mass of the electrons is much heavier. In Fig 4.12 the majority or 
minority spin electron effective mass is varied between me and 3me. In Fig 4.12(a) m2 = 
0.4me, Fig 4.12(b) m↓ = 1.3me and Fig 4.12(c) m↑ = 1.3me. Since the band-widths of 
each spin channel are usually very different, to maintain a difference between the spin 
channels when the electrode effective masses are equal (i.e. m1↑ = m1↓) the bandwidth of 
the spin-up electrons is 2.25eV and for the spin-down electrons is 0.35eV.  
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Figure 4.12. Graphs showing the various effective mass dependences on the TMR where (a) is the 
dependence on m↑ and m↓, (b) m↑ and m2 and (c) m↓ and m2 for an MTJ with same material 
electrodes. In each case the barrier-height is 3.5eV, the band width of the majority spin electrons is 
2.25eV and the minority spin electrons is 0.35eV. 
 
In Fig. 4.12(b) and (c) the barrier effective mass is varied between a value 
similar to the effective mass of the Ge, 0.1me [Kittel 1996], and a value much higher 
than the free electron mass used by the other simple models, 2me [Montaigne 2001]. In 
Fig. 4.12(a) a barrier effective mass of 0.4me is used.  In each case the barrier-height 
and thickness is kept constant at 3.5eV and 2nm respectively. 
 
The Julliere-like models would suggest that the polarisation would increase with 
an increase in m↑ and decrease in m↓ with the assumed electron band widths. Thus we 
would also expect an increase in the TMR. However, from Fig. 4.12(a), the opposite is 
true. As m↑ increases and m↓ decreases, the TMR decreases. This is because of the miss-
(a) (b) 
(c) 
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match of the wave functions at the interfaces. The one-over-mass derivative is 
conserved in the calculation creating an extra mass dependence to the non-exponential 
part of the transmission and the current density.  
 
When the TMR is calculated small changes in the prefactors are important and 
lead to a more complicated ratio than the Julliere-like models would suggest. This effect 
is exemplified when the spin-up effective mass is equal to me and the spin-down 
effective mass is 6.43me for the parameters outlined above. In this case, the Julliere-like 
models show 0% TMR. This is because the effective wave vector of the spin-up 
electrons is equal to the effective wave vector of the spin-down electrons. Our 
numerical model predicts a TMR of 63% (not shown). Thus, real gains can be achieved 
with a light effective-mass and a wide band-width for the majority spin electrons and a 
heavy effective-mass with a narrow band-width for the minority spin electrons 
[Dimopoulos 2005]. 
 
 
 
Fig. 4.13. Variation of TMR with the experimental parameters of (a) barrier 
thickness, (b) barrier-height and (c) applied voltage based on an Fe/Al2O3/Fe MTJ.  
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Similar effects are found in Figs. 4.12(b) and (c). The general effective-mass 
dependence on the TMR is quite complicated. However, when the effective-mass of the 
spin-up electrons is large or the effective-mass of the spin-down electrons is small, 
there is little variation with the effective-mass of the electrons in the barrier. When the 
effective-mass of the spin-up electrons in the electrodes is small and the effective mass 
of the spin down electrons is large, the TMR can be increased by using an insulator 
with a much lower effective-mass. In practice this is much more complicated as the 
effective-mass and band-gap are often related and more complicated such as Ge which 
has an effective mass of 0.08me but a narrow band gap of 1eV [Kittel 1996] where as 
Al2O3 has an effective mass of 0.4me but a band gap of 8eV [Xu 1991] 
 
For the comparison of our numerical model with previous models we have 
shown the dependence on the TMR with barrier-height, barrier-thickness and applied 
voltage for parameters of an Fe/Al2O3/Fe MTJ in Fig. 4.13. The largest TMR for this 
system arises from thin insulating barriers with a large barrier-height as shown by Fig. 
4.13(a) and Fig. 4.13(b) in agreement with the tight binding and transfer matrix models 
[Mathon 1999, Montaigne 2001]. 
 
Montaigne used a transfer matrix method and found the TMR to increase rapidly 
with barrier-height and decrease with barrier-thickness [Montaigne 2001]. Qualitatively 
similar results have been achieved by Mathon using a tight binding theory for the 
transmission through the barrier [Mathon 1997]. The TMR was found to increase 
rapidly for small barrier-heights and decrease rapidly with small barrier-thicknesses. 
Our model is based on a simple quasi-analytic transmission coefficient and is found to 
give the same dependence.  
 
Xiang reported the thickness dependence of the TMR of Co/Al2O3/Co junctions 
[Xiang 2002]. Above thicknesses of 1nm the thickness decreased rapidly in agreement 
with our results presented in Fig. 4.13(a). Jiang reported a similar dependence of the 
barrier height on the TMR using ZnSe barriers [Jiang 2003]. Above a thickness of 8nm 
the TMR was found to decrease rapidly.  
 
It is difficult to compare the barrier-height dependence predicted in Fig. 4.13(b) 
with experiment. This is because experiments use the Simmons model to predict the 
barrier-height of MTJs. As discussed in section 4.5 the Simmons model lacks the 
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physics required to model MTJs. However trends in experimental data suggest that as 
the barrier-height decreases the TMR also decreases [Wang 2003]. 
 
We find the TMR decreases with applied voltage as shown by Fig. 4.13(c) in 
agreement with previous models and experiment [Davis 2000, Moodera 1999]. In our 
model we neglect all spin flip processes i.e. spin independent processes, which would 
dominate the TMR at high voltages. Our voltage dependence is much slower than that 
found by experiments [Ladak 2006]. This is because the barriers considered here are 
amorphous in nature. This conductance would be dominated by the stochiometry of the 
barrier and channelling would be expected. As the voltage increases we would also 
expect heating within the junction and temperature effects which have been ignored. 
However, at very low voltages (V ~ 0) the TMR is independent of the voltage in 
agreement with experiment [Moodera 1999]. As the thickness increases the rate of 
decrease with applied voltage also increases.  
 
A recent theoretical model has found the TMR to decrease rapidly with the 
applied voltage [Li 2004]. Here the free-electron-mass is used for all layers of the MTJ 
and the WKB wave functions are used as the solution to the Schrödinger equation 
within the barrier. Unlike this model we find that the TMR turns negative at voltages 
comparable to the barrier-height and does not depend much on the barrier thickness. 
Negative TMR is therefore unlikely to be found in experimental systems from this 
property alone using a wide band-gap insulator as the barrier material contradicting Li. 
This is because we have accurately modelled the probability of tunnelling using our 
EWKB model through realistic MTJs including a full treatment of the effective-masses 
in each of the three layers. This treatment affects the voltage dependence of the 
tunnelling current and the TMR. 
 
 
 
4.7. Summary 
 
 In this chapter we have developed a basis numerical model on which an analytic 
model can be based. A new Enhanced WKB (EWKB) model for the transmission 
coefficient has been established. The standard WKB based transmission coefficient, 
although accurate when the voltage is very much less than the barrier-height, fails for 
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moderate voltages. The enhanced model is accurate for a wide range of parameters and 
for voltages up to the barrier-height matching both the slope and magnitude of the exact 
Airy function solution. 
 
Our full numerical current density calculation has been compared to the 
standard Simmons model traditionally used to determine the unknown barrier-thickness 
and barrier-height of a MTJ. The Simmons model requires few parameters, but has an 
anomaly in that the barrier-height is underestimated in comparison to band structure 
calculations. Our model, however, takes into account the full junction parameters 
including the effective mass in the three regions. We find that for an Al2O3 barrier the 
extracted barrier-height is of the order of results given by both experiment and theory 
thus removing the anomaly created by the Simmons model. 
 
The TMR as calculated by our model is found to behave very differently to the 
simple models of Julliere, Slonczewski and Bratkovski. The effective tunnelling 
polarisation of the electrodes is found to be far more complicated than the simple 
models imply and the consideration of realistic effective-masses is key to optimising the 
TMR.  
 
Although our model is more precise for the determination of barrier parameters 
than the standard models, it is a numerical model.  It would be more practical to have a 
simpler ideally analytic model to determine the barrier parameters. 
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Chapter 5. Analytic approach to 
magnetic tunnel junctions 
 
5.1 Introduction 
 
 Magnetic tunnel junctions form interesting systems, which can be applied in 
devices such as Magnetic Random Access Memory read heads. The importance of 
being able to characterise the devices in terms of the barrier properties is paramount for 
their optimisation. The standard method involves fitting the experimental results to 
either the Simmons (1963) or the Brinkman models (1970). However, these models 
have been unable to predict the magnetoresistance of a device as they lack the physics 
required to model realistic MTJs. The more accurate numerical models are not widely 
used to extract the parameters and clearly an analytic model is required. 
 
In the previous chapter we developed a base numerical model that described the 
current density through a generalised magnetic tunnel junction using realistic 
parameters. However, it is preferable to have an analytic model that easily describes the 
experimental system. 
 
In this chapter, we will develop an analytic model which calculates the current 
density accurately. This model will demonstrate that it is possible to predict the TMR 
whilst using a simplified model within a wide range of parameters. We will show that 
the model agrees with previous numerical modelling and so can be used to describe the 
magnetoresistance found experimentally. The accuracy of the analytic model is of 
paramount importance since the magnetoresistance is a sensitive calculation and 
requires current differences. 
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5.2 Low-voltage approximation  
 
 MTJs consist of a thin insulating barrier region up to a few angstroms in 
thickness. Experimentally, only small applied voltages can be applied before dielectric 
breakdown destroys the junction, losing the desired tunnelling properties. Typically 
these are of the order of half a volt, above which the junction permanently fails [Oliver 
2003]. It is therefore important to model a system with a low applied voltage. 
 
From section 4.4 the EWKB model to calculate the current density is given by  
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where symbols take their usual meanings. The greatest probability of electrons 
tunnelling is when the transverse momentum is greatest in magnitude. Since the applied 
voltage tends to zero, the exponential factor is dominated by the region k||=0; therefore, 
expression 4.4.9(b) can be ignored. 
 
In the low-voltage limit, for most realistic systems, the difference between the 
barrier height and the energy of the tunnelling electron is much greater than the applied 
voltage. In low voltage systems the tunnelling occurs at the Fermi energy such that from 
the exponent in 5.2.1 we get 
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We can now use a simple power-series expansion of the exponent in expression 5.2.1 
around kv. By taking terms up to second order, we obtain 
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The first term is the exact expression for a square barrier and the second term is 
a 2nd-order correction that is dependent on both the voltage and the barrier parameters. 
Thus, with no applied voltage the barrier potential is square as expected. With low 
voltage, the system has a correction factor due to a linear potential across the barrier. 
This expression is similar in form to an expansion of an average barrier height 
approximation given by 
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If we compare the exponential function as defined in expression 5.2.4 with a 
simple expansion of expression 5.2.5, the error arises from the term of order kv4. Since 
the voltage is small and the barrier height is large, the term of the 4th order must also be 
small and an average barrier height approximation is possible with very low error.  
 
This factor is functionally similar to that derived by Simmons (1963). Within the 
Simmons model a modification parameter is used to correct for barrier shapes which are 
dissimilar to a square barrier potential. For practical barrier parameters this factor is 
close to unity as shown by Fig. 5.1, so we can neglect it. 
 
In figure 5.1(a) and (c) we have compared the error in the exponent given by 
expression 5.2.5, EXP(V~0), with the full exponent of expression 5.2.1, EXP, by 
considering the tunnelling electrons as being at the Fermi level (2.25eV). In figure 
5.1(b) and (d) we have shown the error in the numerical calculation of the current using 
the approximation to the exponent 5.2.5, JN1, with respect to the numerical current, JN, 
for the same system. 
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Figure 5.1(a) Voltage dependence of the percentage error of the approximated 
exponent given by expression 5.2.4. (b) Voltage dependence on the approximated 
current with different barrier thicknesses. (c) Barrier-height dependence on the 
percentage error of the approximated exponent given by expression 5.2.4. (d) 
Barrier-height dependence on the percentage error of the approximated current. 
m1 = m3 = 1me  and m1 = 0.5me. 
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 In figure 5.1(a) and (b) we have shown the voltage dependence of the error for a 
range of barrier thicknesses taking the barrier height at 3.6eV. The error in the exponent 
is at a minimum at low voltages. It has a maximum at voltages approximately equal to 
the barrier height of 0.375% and this is independent of the thickness. This error is more 
significant when the full current is calculated. For all thicknesses the error up to 0.5eV is 
negligible (<< 1%). The error between the models increases exponentially with voltage 
and is largest for the maximum thickness considered, 3nm. 
 
The barrier-height dependence of the error is shown in figure 5.1(c) and 5.1(d) 
for a range of applied voltages for a thickness of 1.5nm. We must note that we do not 
model barrier-heights lower than the applied voltage as this contradicts the low voltage 
approximation given by 5.2.2 and is not of experimental importance. As expected, the 
error is greatest when the barrier-height is low and the applied voltage is at a maximum. 
The largest error in the exponent given by expression 5.2.5 is 0.2% for an applied 
voltage of 1eV, which leads to a total error of 14% when the full current calculation is 
considered. At an applied voltage of 0.1eV the error in the full current calculation is less 
than 1% for all barrier heights considered. When the applied voltage increases, the error 
in the approximation also increases. 
 
For a range of experimental parameters the resultant error caused by applying 
the exponent given by 5.2.4 is low. Although a low-voltage model, the simplified 
analytic expression of the exponential factor allows us to use an applied voltage up to 
one third of the barrier height with a small total error. The standard materials used for 
the insulating barrier of Al2O3 and MgO have a band gap measured by experiment to be 
between 7.58eV and 9.4eV giving an estimate of the barrier height of above 3eV. Barrier 
heights of between 1eV and 3.6eV have been estimated from fitting the I-V results in 
experimental systems. Using these results this would give a maximum applied voltage 
of between 0.33eV and 1.2eV. This applied voltage is of the order of or greater than that 
achieved in experiment and thus our approximation is suitable.  
 
  
 
 
 
 
 111
5.3 Treatment of the prefactor 
 
Although the simple analytic model of Simmons [Simmons(1) 1963] was found 
to be inappropriate for the modelling of MTJs in chapter 4, more realistic models often 
involve numerical calculations with complicated integrals to evaluate the current. The 
integral calculation of equation 5.2.1 is not a straightforward procedure even with the 
simplification to the exponent for low voltages. We need to make further assumptions to 
simplify the expression and achieve an analytic expression which is useful for the 
description of the tunnelling current and accurate for the calculation of TMR. 
 
We now write the current as the integral over all tunnelling states of the product 
of a prefactor f(k⊥,k||) and a factor, g(k⊥,k||), such that  
   
J = C dk|| dk⊥
kF2 −k||2 −kV2
kF
2
−k||2
∫ f
0
kF
2
−kv
2
∫ k⊥ ,k||( )g k⊥ ,k||( ) ,    5.3.1 
where  f k⊥ ,k||( )= k⊥q⊥γ 0( )Κ d( )m22
m1
2 k⊥
2 + γ 2 0( )( )m22m32 q⊥2 + Γ2 d( )( ),    5.3.2 
g k⊥ ,k||( )= k||k⊥e
−2d m2
m1
k02 +k||2 1−
m2
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 
 
 
 
 
 −
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m1
k⊥2 −
m2
2m1
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 
 
 
 
 
 
1
2
,    5.3.3 
and  
  
C = 16ehm2
2
m3m1
2 2pi( )2  .       5.3.4 
 
The factor g(k⊥,k||) is chosen such that g(k⊥,k||) is the largest order function of k⊥ 
and k|| that remains integrable over the range of tunnelling electrons. The rest of the 
current density expression is contained within the prefactor, f(k⊥,k||), which we will 
show is a slowly varying quantity. 
 
The behaviour of each of the functions, f(k⊥,k||) and g(k⊥,k||), is very different 
over the limits of k⊥ and k|| as demonstrated by Figs. 5.2 and 5.3. We have assumed 
parameters similar to those used previously. We have also used a maximum applied 
voltage of 0.8eV to keep within the experimental range. 
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Figure 5.2 k⊥-dependence of the prefactor, f(k⊥,k||), for a range of applied voltages and k|| 
values. The Fermi energy is equal to 2.25eV, the barrier height is equal to 3eV and the 
effective mass in the electrodes is equal to 1me. The effective mass in the barrier is equal to 
1me for (a) – (c) and 0.5me for (d) – (f). Solid lines represent calculated values within the 
limits of the integration and the dashed lines represent calculated values outside the 
integration range. 
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Figure 5.3 k⊥ Dependence of the factor, g(k⊥,k||), for a range of different applied voltages and k|| 
values (logarithmic scale). The Fermi energy is equal to 2.25eV, the barrier height is equal to 3eV, 
the effective mass in the barrier is equal to 0.5me and the effective mass in the electrodes is equal to 
1me for (a) – (c) and 0.5me for (d) – (f). Solid lines represent the calculated values within the limits 
of the integration and the dashed lines represent calculated values outside the integration range. 
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From Fig. 5.2, the prefactor, f(k⊥,k||), shows a linear variation over k⊥. 
Furthermore, the gradient of f(k⊥,k||) doesn’t depend much on the applied voltage. When 
the effective mass of the barrier is equal to the free-electron mass, as shown in Figs 
5.2(a) – (c), the variation of f(k⊥,k||) is very small for all values of k||. When the effective 
mass in the barrier is reduced to half the free-electron mass, the gradient and magnitude 
of the prefactor with respect to k⊥ increases, as shown by Figs. 5.2(d) – (f). The largest 
variation of f(k⊥,k||) within the integral limits occurs when the value of k|| and the 
voltage are largest. Similarly, the smallest variation occurs when the value of k|| and the 
applied voltage is smallest. The greatest variation of f(k⊥,k||) with respect to k⊥ occurs 
when the value of k|| tends to the limit (kF2 – kv)1/2. This is because of the dominance of 
the term k⊥q⊥ within f(k⊥,k||).   
 
 The magnitude of g(k⊥,k||) is dependent on both the value of k⊥ and k|| as shown 
by Fig. 5.3. The largest value of g(k⊥,k||) arises when k⊥ is a maximum. Reducing the 
effective mass in the barrier increases the magnitude of g(k⊥,k||) but the variation over 
k⊥ and k|| remains large. When k|| is equal to zero, g(k⊥,k||) is also equal to zero (not 
shown). As k|| increases, g(k⊥,k||) takes a maximum value at a finite value of k|| then 
decreases significantly. This is because of the competing exponential factor which 
decreases (with increasing k||) with the product of an increasing k|| factor. At low k||, 
g(k⊥,k||) is dominated by the linear k|| factor. As k|| increases, the exponential factor 
dominates, reducing g(k⊥,k||) in magnitude. 
 
Comparing the two functions g(k⊥,k||) and f(k⊥,k||), for a given k||, the prefactor 
variation is slow when compared to the rest of the integral for a wide range of 
parameters and variables. Only for very high values of k|| or voltages above the 
experimental interest does the variation of f(k⊥,k||) become significant. Furthermore, at 
high values of k|| the magnitude of g(k⊥,k||) is very much smaller. The function g(k⊥,k||) 
limits the contribution to the integral at high values of k|| and acts as a filter for electrons 
tunnelling off axis. We can approximate the prefactor and the current density by 
removing f(k⊥,k||) from the integration and evaluating as a constant. The accuracy of this 
approximation is paramount for the accurate calculation of the current density for the 
purposes of calculating the TMR. 
 
Hence, the functional part of the current density becomes 
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where symbols have their usual meaning and ),( ||kkf ⊥  is the prefactor evaluated at an 
average value of k⊥ and k||. We are left with a simple, exact analytic expression within 
the integral. At low voltage, the gradient of f(k⊥,k||) with respect to k⊥ is approximately 
zero in comparison to the gradient of g(k⊥,k||). The average value of f(k⊥,k||) will now be 
evaluated using simple analysis. 
 
We will begin with the evaluation of ⊥k . The value of ⊥k  must be evaluated at 
the average of the two extreme limits in the integral. In the low-voltage limit this is 
exactly the mid point between the two limits. Our average k⊥ therefore becomes 
  
k⊥ = 0.5 kF2 − k||2 − kV2( )12 + kF2 − k||2( )12 
 
 
 
 
 .    5.3.6 
 
In Fig. 5.4 we show the voltage dependence of the error of the numerical current 
density, JN2, including the average k⊥ approximation (expression 5.3.6) and the low 
voltage exponent (expression 5.2.5) in comparison with the full numerical current 
density, JN. We find the error of the approximation is low when the applied voltage is 
small, for all junction parameters.  
 
The barrier-height dependence of the error is shown in Fig. 5.4(a). At high 
barrier-heights the average prefactor is found to underestimate the current. At low 
barrier-heights the opposite is found. The error in the approximation is low provided the 
voltage is less than one third of the barrier-height for most systems as stated earlier in 
section 5.2. Fig. 5.4(b) shows the voltage dependence for a range of thicknesses. As the 
thickness increases, the error in the approximation also increases. For barrier 
thicknesses between 0.5nm and 3nm the trend in the error is the same. The effective-
mass dependence is small for a wide range of values, as shown by Fig. 4.5(c). The error 
for values between 0.25me and me is similar in nature to that shown. Hence, changing 
the effective mass has little effect on the magnitude of the error. 
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 As the voltage increases, the exponential factor becomes increasingly dominant 
as shown in Figs. 5.2 and 5.3. The main effect is the probability of tunnelling is much 
larger for electrons around the Fermi energy than for the electrons at a lower energy. 
The average k⊥ approximation would therefore incorrectly estimate the current for all 
voltages. However this effect is small as shown by Fig. 5.4. Our approach considers all 
electrons within the integral range separately, neglecting the effect of the exponential 
weighting on the prefactor.  
 
To complete the analysis of our approximations to the numerical model, we 
need to evaluate ||k  by considering the variation of the prefactor over the integral of the 
parallel momentum, k||.  
 
From Fig. 5.3 the largest contribution to the current for each k|| arises from the electrons 
tunnelling when k⊥ takes its maximum value. The integrand is a balance of the product 
of three factors, the k|| factor, the k⊥ factor and the exponential factor. As the applied 
voltage increases, the magnitude of the peak in the conductance with respect to k|| also 
increases. The peak arises from approximately the same proportion of the Fermi surface 
and does not depend significantly on k⊥. We can find this peak by finding the maximum 
of the conductance with respect to k|| for a given k⊥. Hence 
 
dI
dk||
= 0 = e−Ω k|| ,k⊥( ) − k|| Ω' k⊥,k||( )e−Ω k|| ,k⊥( ) ,    5.3.7 
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Rearranging 5.3.7, the peak in the conductance and hence ||k  is found from solving the 
quadratic equation for k|| by using k⊥
2
 = kF
2
 – k||
2
 and only considering the largest terms 
in the low voltage limit. From this we get 
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Figure 5.4 Error induced between the current density of the 
numerical model (JN) and a numerical model with the approximation 
to k⊥ in the prefactor (JN2) for a range of possible barrier parameters. 
(a) shows the barrier height dependence, (b) the thickness 
dependence and (c) the effective mass dependence.  
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||k is sensitive to the barrier parameters of barrier thickness, barrier height and the 
effective masses of electrons in the barrier and the emitter electrode. In the low-voltage 
limit, the value of ||k  is independent of the voltage. A thicker barrier restricts the 
electrons to tunnelling in the region k|| ≈ 0. 
 
 
 
5.4 The analytic expression 
 
 Using the analysis of section 5.3 we simplified the prefactor in expression 5.3.1 
by evaluating an effective ⊥k  and ||k . The rest of the expression for the current density 
is analytic such that we get 
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All symbols have their usual meaning. koffset is the effective wave vector of the offset in 
the band-widths of the electrodes and kα and kβ are the correction factors for the WKB 
wave functions are as derived in chapter 4.  
 
 The current arises from four different contributions. The key values of the first 
two contributions are Φ1 and Φ2. These represent the system of k|| equal to 0 and are 
similar in form to the factors of the Simmons model, but now incorporate different 
effective masses in the three regions and realistic barrier-heights. When the effective 
masses in the three regions equal the free-electron mass, terms 5.3.13 and 5.3.14 can be 
neglected and we are left with a Simmons-like model.  
 
 Different materials are used in each of the three layers of a MTJ making the 
“equal effective masses in the three regions” approximation unlikely for realistic 
tunnelling models. The factors arising from Φ3 and Φ4 are required to model the current 
density accurately for a wide range of materials.  
 
Similarly, the Simmons model is calculated from two current contributions. The 
most accurate model for the tunnelling current for a realistic MTJ arises from 12 current 
contributions (3 for each value of Φi). 
 
In Fig. 5.5 we show the total error from each approximation to the analytic 
current (JA) in comparison to the total numerical current (JN) for a range of barrier 
parameters. Fig. 5.5(a) shows the thickness dependence of the barrier-heights 1eV, 2eV 
and 4eV and 5.5(b) shows the barrier-height dependence for the thicknesses of 1nm, 
2nm and 3nm. Above a critical barrier-height, the error depends little on the height and 
the thickness becomes the key parameter. The error becomes significant for very low 
barrier thicknesses. We should not consider the ultra-thin case, as this would represent a 
monolayer and then only an atomic model would then be appropriate. For large 
thicknesses and barrier-heights (as found in experimental systems), the error is small. 
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Figure 5.5 Percentage error between the numerical current density model and 
the low voltage analytic model with (a) barrier thickness (with various barrier 
heights, Vb equal to 4eV, 2eV and 1eV) (b) barrier height (with barrier 
thicknesses, d equal to 4nm, 2nm and 1nm). 
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Figure 5.6 Graphs showing the voltage dependence of the total analytic current 
density (JA), the total numerical current density (JN), and the two key 
contributions of the analytic current density (JA(φ1) −JA(φ2) and JA(φ3) −JA(φ4)). 
(a) The Fermi energy is 2.25eV and (b) 0.35eV. The barrier height is 3.5eV, the 
barrier thickness is 1.5nm, the effective mass of the electrons in the electrodes is 
1.3me and effective mass of the electrons in the barrier is 0.4me.  
 
 
 
 
 
EF = 2.25eV 
EF = 0.35eV 
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 The contributions to the current density of expression 5.4.1 are shown in Fig. 
5.6. The key values are the total analytic current density, the numerical current density, 
and the components JA(Φ1)- JA(Φ2) and JA(Φ3)- JA(Φ4). For a wide band width as shown 
in Fig. 5.6(a), the factor JA(Φ1)- JA(Φ2) dominates the current and the numerical current 
is found to be at the same order of magnitude. The terms arising from Φ3 and Φ4 are 
negligible and are approximately zero within the experimental voltage range. When the 
band width is reduced each term becomes important and must be considered as shown 
in Fig. 5.6(b). For each band width the calculated current density shows the same trend 
as the numerical calculation. The error in the calculation is low provided the applied 
voltage is low compared to the band width.  
 
In summary, our analytic model accurately reproduces our numerical model for 
many barrier systems. Our analytic model reduces to the Simmons model [Simmons 
1963] in the case of the following conditions; (i) equal masses in the three regions, (ii) 
when the applied voltage is very much less than the Fermi energy, (iii) the prefactor, 
f(k⊥,k||), is assumed to be equal to unity and (iv) only taking the largest terms in the 
integration. However, as discussed previously, this is a highly unphysical situation for 
MTJs.  
 
 
 
5.6 Tunnelling current density and magnetoresistance of amorphous barrier 
tunnel junctions 
  
 We will now apply the analytic model as described in section 5.5 to MTJs 
consisting of a simple insulating barrier layer. In chapter 4 we accurately modelled the 
tunnel current through an MTJ using a simple free electron like model and realistic 
junction parameters. The extracted parameter of barrier height was more realistic than 
that extracted by the Simmons model. In this section we will firstly consider the 
tunnelling current and the extraction of the experimental parameters of barrier height 
and thickness. These results will be compared to the numerical results and the 
parameters predicted by the Simmons model. Secondly we will investigate the TMR 
dependence of our analytic model and we will compare the results to the numerical 
TMR and experimental findings. 
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We will use the parameters of an Fe/Al2O3/Fe tunnel junction as described by 
table 4.2. Comparisons will be made of the free parameters with those of an 
experimental system where the Simmons model fitted to the I-V characteristics predicts 
an average barrier height of 1.5eV and a thickness of 2nm. 
 
 First we will assume that the extracted thickness of 2nm from the 
Simmons model is correct and fit the barrier height to the Simmons I-V dependence. In 
Fig. 5.7 we have shown the applied voltage dependence of the current density. The 
analytic model is shown in Fig. 5.7(a), the numerical in 5.7(b) and the error between the 
two models in 5.7(c). The analytic model agrees excellently with the numerical model 
for all barrier heights with an error of less than 3% for all of the applied voltages and 
barrier heights considered. However, for higher voltages the error increases rapidly for 
the minority spin current decreasing the accuracy of the model. Similar to the numerical 
analysis a barrier height between 3.5eV and 4eV is required to replicate the Simmons fit 
of the experimental result. This result is of the order expected from band structure 
measurements of Al2O3 [Xu 1991].  
 
Assuming the Simmons barrier height of 1.5eV is correct, we find the predicted 
thickness from our analytic model is between 3 and 3.25nm in comparison to 2nm from 
the Simmons model as shown by Fig. 5.8. The analytic model is shown by figure 5.8(a), 
the numerical by 5.8(b) and the percentage error between the analytic and numerical by 
5.8(c). The analytic result agrees well with the numerical result for all barrier 
parameters considered and the magnitude of the percentage error is less than 3% for the 
range of applied voltage considered. 
 
 Our analytic model agrees well with the numerical calculation of current density 
for a wide range of junction parameters. The extracted barrier heights are much larger 
than those found using the Simmons model and are in broad agreement with the band 
structure calculations where for a wide-band-gap insulator the barrier height is 
approximately half the band gap. We therefore have a simplified analytic result which 
replicates the numerical calculation and can be used in experimental systems for the 
extraction of both a realistic barrier height and thickness for simple barrier structures. 
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Fig 5.7(a) Analytic voltage dependence on the current density based on an Fe/Al2O3/Fe junction 
with a thickness of 2nm and a range of barrier heights. (b) Numerical result for the same 
parameters. (c) Percentage error of the analytic result in comparison to the full numerical model. 
The calculated results from the Simmons model with a thickness of 2nm and barrier height of 1.5eV 
is shown by the dotted lines. 
  
 
 
 
Analytic Numerical 
Error 
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Figure 5.8(a) Analytic voltage dependence on the current density based on an Fe/Al2O3/Fe junction 
with a barrier height of 1.5eV and a range of barrier thicknesses. (b) Numerical result for the same 
parameters. (c) Percentage error of the analytic result in comparison to the full numerical model. 
The calculated results from the Simmons model with a thickness of 2nm and barrier height of 1.5eV 
is shown by the dotted lines. 
 
 
 
Analytic Numerical 
Error 
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Experimentally, the zero-voltage TMR is of great importance as this gives a 
reflection of the maximum degree of spin filtering. Optimisation of the MTJ will 
depend heavily on the maximisation of the zero-voltage TMR. For the rest of this 
section we will concentrate on the case of zero bias TMR calculations (i.e. V ≈ 0).  
 
At the zero voltage limit, the barrier profile for the spin-up electron state and 
spin down electron state in antiparallel magnetic alignment is similar due to the 
symmetry of the MTJ and the small slope of the barrier potential. However the error in 
the calculated current is dominated by the mismatch of the electrode bandwidths and is 
smallest when the emitter electrode bandwidth is smaller than that of the collector.  
 
For similar electrodes in antiparallel magnetic alignment, we can minimise the 
TMR calculation by redefining the (pessimistic) TMR as  
 
TMR =1−
2J↓↑
J↑↑ + J↓↓
 .       5.6.1 
 
 We will consider the case of Fe/Al2O3/Fe with parameters given by table 4.2 for 
direct comparison to the numerical work in chapter 4. The experimental parameters of 
barrier height and thickness will be left as free parameters within this study.  
 
In Fig 5.9(a) and (b) we show the thickness dependence of TMR for barrier 
heights of 3 and 4eV respectively, and in Fig. 5.9(c) and (d) we show the barrier height 
dependence of the TMR for thicknesses of 1.5 and 3nm. The analytic result is displayed 
by the solid line and the numerical by the long dashed line. The analytic TMR is in 
strong agreement quantitatively with the numerical result for all reasonable thicknesses 
and barrier heights. As found with the numerical model, our analytic model shows that 
the TMR decreases with thickness for all thicknesses (Fig. 5.9(a) and (b)). Also, in 
agreement with the numerical model, as the barrier height increases the TMR also 
increases. For small barrier heights the TMR increases rapidly but slows for barrier 
heights above what would be expected of an Al2O3 barrier, ~ 4eV.  
 
In the large-thickness regime the current of the spin-up electrons and spin-down 
electrons in both alignments is dominated by the terms with factors Φ1 and Φ2. When 
the thickness is large the exponents involving factors Φ3 and Φ4 are very much smaller 
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than the exponents involving Φ1 and Φ2. The terms including the factors Φ3 and Φ4 in 
this case are negligible.  
 
 
 
Figure 5.9 Zero voltage TMR dependence on barrier thickness, (a) and (b), and barrier height, (c) 
and (d), for an Fe/Al2O3/Fe MTJ.  
 
Each of the exponential factors left for each current contribution is identical, 
hence they cancel when the TMR ratio is calculated. The TMR then becomes a sensitive 
balance of the prefactors where changes in the thickness have only a second order effect 
on the TMR. For large thicknesses the TMR can be simplified for a generic MTJ to   
 
TMR =100 1−
2 f↓↑ k⊥,k||( ) m1↓m3↑2
f↑↑ k⊥,k||( ) m1↑m
3↑
2
+ f↓↓ k⊥,k||( ) m1↓m3↓2
 
 
 
  
 
 
 
  
,  5.6.2 
 
where the arrows indicate the magnetic alignment of the emitter and collector electrode 
respectively. This expression is shown as the dotted line in Fig. 5.9 and demonstrates 
the same trend as the numerical and analytic calculation with both thickness and barrier 
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height. As the barrier height increases the accuracy of the simplified model also 
increases. Unlike other simplified models such as the Julliere model [Julliere 1975] or 
the Bratkovski model [Bratkovski 1997], f(k⊥,k||) is a function of the thickness. This in 
turn gives a direct thickness dependence on the simplified calculation of the TMR. 
 
 The TMR depends strongly on the accuracy of the current density calculation of 
each of the 4 alignments. For low voltages and large thicknesses the exponents of each 
spin carrier and magnetic alignment is the same and therefore cancels. Therefore it is 
the prefactor which arises from the transmission coefficient that dominates the TMR 
and must be accurately modelled.  
 
 
 
5.6 Summary 
 
Within this chapter we have developed an analytic model to describe the current 
density through a simple MTJ where the two magnetic electrodes are separated by a 
simple non-magnetic amorphous insulator. By considering the important features of the 
numerical calculation we were able to produce a robust analytic expression with the 
correct junction dependencies. We have found that the extracted experimental 
parameters of barrier-height and barrier-thickness are in excellent agreement with the 
numerical calculation. Provided the applied voltage is lower than the band-width of the 
emitter electrode, the barrier-thickness and barrier-height are large, as is found for most 
experimental systems, the errors in comparison to the numerical calculation are small 
(<3%). 
 
Within our analysis we have developed a simple model to describe the TMR 
when the exponential factor is large. This simple model is similar in form to the simple 
models of Julliere, Slonczewski and Bratkovski. However the model contains a direct 
dependence on the junction parameters and is in excellent agreement with the full 
analytic and numerical models. 
 
Unlike the Simmons model the key feature of our model is the treatment of the 
effective masses in each of the three layers of the MTJ. Our analytic model can be used 
to fit experimental MTJs to predict the key parameters of the true barrier-height and 
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barrier-thickness. Both our full analytic model and our simplified analytic model can be 
used to predict the TMR pointing the way to devise optimisation. 
 
 Recent experiment and theory has focussed on the MTJs using crystalline 
MgO(001) insulators. In chapter 6 we will develop a simple analytic model which can 
describe these systems. Our approach to the tunnelling current allows for a simple 
extension that can take into account the full symmetry of the MTJ. 
  130
 
 
 
Chapter 6. Interface Scattering and 
the Tunnelling Magnetoresistance of 
Fe(001)/MgO(001)/Fe(001) Junctions 
 
6.1 Introduction 
 
In this chapter we present a model for the transmission coefficient which can be 
used to calculate the tunnelling magnetoresistance for the Fe(001)/MgO(001)/Fe(001) 
system. It clarifies the role of the interface scattering into various tunnelling channels, 
linking them to the complex band structure of the MgO. This allows a more direct 
relation to the interpretation of experimental results than previously found, pointing the 
way to device optimisation.  
 
In section 6.2 we will give a brief overview of the theory and experiment of 
MTJs utilising MgO as the barrier layer and why a simplified model is required. Section 
6.3 will discuss the symmetry of crystals and how this relates to the band structure of 
the materials. Section 6.4 examine the basic physics of the Fe(001)/MgO(001)/Fe(001) 
tunnel junction based on the symmetry arguments of section 6.3. Finally we develop our 
simplified model in section 6.5 and discuss the results of the TMR calculation in section 
6.6. 
 
 
 
6.2 Overview of MgO as an insulating layer. 
 
In recent years attention has moved to the use of crystalline junctions based 
upon MgO as an insulator to allow a combination of coherent tunnelling and symmetry 
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matching at the interfaces to give enhanced spin filtering as discussed in chapters 2 and 
3. Experimentally, epitaxial deposited Fe(001)/MgO(001)/Fe(001) MTJs have been 
found to show TMRs up to the order of 69% at room temperature [Yuasa(1) 2004, 
Yuasa(2) 2004]. Calculations have predicted extremely large TMR ratios of up to 92% 
[Mathon 2001].  
 
Although ab-initio calculations are extremely useful for the interpretation of 
experimental results, a simplified, preferably analytic, model of the system is essential 
in order to explore the wide parameter range available, relate the experimental results to 
device parameters and optimise the TMR. Current theories used to interpret MTJ 
experiments come from the nearly free electron models of the 1960’s and 1970’s 
developed by Simmons [Simmons 1963] and Brinkman et al.
 
[Brinkman 1970]. These 
are still used today for the experimental determination of the barrier thickness and 
height of MTJ devices, especially for amorphous barriers [Yuasa(2) 2004, Ladak 2005, 
Parkin 2004]. However the effects of symmetry and band structure together with large 
changes in the effective mass across the MTJ means that these models do not contain 
the physics required to calculate the TMR in MgO systems without major revision.  
 
We present here a simple model for the Fe(001)/MgO(001)/Fe(001) system 
which reflects the symmetry and masses of the majority and minority carriers in the 
electrodes and the complex band structure in the barrier, enabling a clear description of 
the physics involved and a calculation of the TMR and its sensitivity to the junction 
parameters.   
 
 
 
6.3 Symmetry considerations of single crystal systems 
 
In the simple tunnelling models of chapters 4 and 5, the MTJs were of the form 
Ferromagnet/Insulator/Ferromagnet where the insulator was an amorphous material 
such as Al2O3. The electrons in the first electrode can match directly onto the complex 
bands in the barrier. After tunnelling through the barrier the electrons are then able to 
match directly onto the bands in the second electrode. The symmetry of the barrier 
region is ignored allowing the direct transfer through the junction. For the simple 
tunnelling theories the cell periodic part is considered to play no part in the matching 
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process. However, with a crystalline barrier, the symmetry of the bands becomes 
important and the cell periodic part must be taken into account.  
 
The Fe lattice has a body centred cubic (bcc) structure and the first Brillouin 
zone is a regular rhombic dodecahedron as shown by Fig. 6.1(a). MgO has a face 
centred cubic (fcc) lattice and the first Brillouin zone is a truncated octahedron shown 
by Fig. 6.1(b). The first Brillouin zone of the fcc lattice is equivalent to the Wigner-
Seitz cell of the bcc lattice and vice versa. Also if we note that if a real space lattice is 
invariant under certain point group operations then its reciprocal lattice is also invariant 
under the same operations [Boardman 1973]. The Brillouin zone of both Fe and MgO 
must have the same point group symmetry as the Brillouin zone reflects the symmetry 
of the lattice. The centre of the Brillouin zone, the point of highest symmetry (the Γ 
point), is cubic (Oh) with the relevant symmetry operations as detailed by Boardman. At 
the boundary in the 001 direction (X or H point) the symmetry is reduced and becomes 
that of a regular prism (D4h). As we move along the line ∆ to connect Γ to X (or H) the 
symmetry is lowered to C4v i.e. that of a regular pyramid with a four-fold rotational axis, 
and is a sub-group of Oh.  
 
 
Figure 6.1. The standard labels of high symmetry points on the first Brillouin zone of the 
bcc (a) and fcc (b) lattices. The zone centre is the Γ point, the boundary point in the 001 
direction is labelled H and X, the ½½½ point is L and P and the 110 point is labelled N and 
K. The line ∆ runs between Γ – H and Γ – X. 
 
The nature of the band structure can be realised by considering how Γ joins to X 
(or H) through the line ∆ with the use of the group theory. Details of how the symmetry 
operations can be used to characterise the group are discussed by Boardman [Boardman 
(a) (b) 
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1973] and Elliott [Elliott 1984]. The character table is a unique way to characterise a 
group where the number of classes is equal to the number of inequivalent irreducible 
representations. The crucial feature is that rows and columns are mutually orthogonal; 
the number of elements in each class must be remembered. 
 
The character tables for the point groups of Oh, D4h and C4v are given in 
appendix 6..1. To determine which bands leave with states Γ1, Γ12 and Γ15 with 
symmetry ∆1, ∆2, ∆5, ∆1′ or ∆2′ we compare the character table of Oh (table 6.1a) with 
that of the elements of the character table of C4v (as shown by table 6.1c). States with 
the same symmetry have the same character for the elements of the table representing 
C4v. Hence we find the compatibility relations  
 
Γ1  →  ∆1
Γ12  →  ∆1 + ∆ 2
Γ15  →  ∆1 + ∆ 5
 .       6.3.2 
 
 From similar arguments we find that near the X point we get the compatibility 
relations 
 
 
3'2
'55
'111 or  
X
X
XX
→∆
→∆
→∆
       6.3.3 
 
Each state forms a different representation of the electron wave function which must 
map onto states of the same symmetry through the Brillouin zone. Most band structure 
diagrams consider the reduced zone scheme giving many possible values of E for each 
k. However, the analysis above demands that the degeneracy of the full band structure 
is that required by symmetry. Further compatibility relations for different crystal 
symmetries and directions have been realised by other groups in the past [Parmenter 
1955]. 
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6.4 The basic physics for the Fe(001)/MgO(001)/Fe(001) magnetic tunnel junction 
 
The basic physics for the Fe(001)/MgO(001)/Fe(001) MTJ is very simple: In the 
001 direction the majority spin electrons, at the Fermi level, arise from ∆1, ∆2´ and ∆5 
bands in the Fe(001) whilst the minority spin electrons arise from the ∆2, ∆2´ ∆5 bands as 
shown by Fig. 6.2. In the MgO the possible tunnelling bands are of ∆1, ∆2´ and ∆5 
symmetry as shown by Fig 6.3. Since the decay rate of an evanescent state within the 
barrier is very much less for the ∆1 band than for the other bands, for any practical 
barrier width, the MgO ∆1 band forms the only tunnelling channel [Butler 2001].  
 
 
Figure 6.2. Energy bands of Fe in the directions (001) and 
(111). The minority spin bands are indicated by the red lines 
and majority by the black. Standard labels are attached. 
Adapted from Callaway [Callaway 1977] 
 
The tunnelling probability of transmission through the barrier is important and is 
dominated by the evanescent wave vector at the energy concerned. The transmission of 
electrons in the ∆5 states will be very much smaller than that of the electrons in the ∆1 
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state, zero in our case. Zhang reported a calculation of tunnelling density of states 
through MgO using Co electrodes [Zhang 2004]. In the Co band structure the majority 
electrons have the same symmetries as the Fe electrodes consisting of a ∆1 band, a 
doubly degenerate ∆5 band and a ∆2’ band at the Fermi energy. The ∆1 has the highest 
probability of tunnelling through the barrier as expected, where as the density of 
tunnelling states for the ∆5 band at the interface with the second electrode is 7 orders of 
magnitude smaller making the probability of transmission much smaller. There is no ∆2’ 
valence band in the MgO so the electrons in these states can’t tunnel through the barrier. 
 
 
Figure 6.3(a) The band structure of MgO in the (111) and (001) directions. Adapted 
from Daude [Daude 1977]. (b) Schematic showing significant bands and complex 
structure (red dotted lines) in the direction iγ. 
 
Because only the states with the highest probability need to be modelled within 
these crystalline systems, we can neglect the direct transfer from the ∆5 valence bands 
into the ∆5 conduction bands.  The contribution to the total tunnelling current in this 
case is negligible in comparison to the ∆1 transfer. So our simple model of the band 
structure at the Γ point is perfectly adequate for the calculation of the tunnelling current 
in this case.  
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In parallel magnetic alignment, at the Fermi level, the most significant 
contribution to the tunnelling current arises from the majority spin electrons in the ∆1 
band in the Fe(001) electrode. At the interface these match onto the MgO (001) ∆1 
complex band and are then able to tunnel directly into the ∆1 band in the second Fe(001) 
electrode. By contrast the minority spin tunnelling electrons arise primarily from the ∆5 
band in the Fe(001). The direct transition into the evanescent ∆5 bands in the barrier 
contributes little to the current because of the high decay constant and can therefore be 
ignored
 
[Butler 2001]. Along the (001) direction transfer into any other evanescent state 
in the MgO is forbidden by symmetry.  
 
 
In the case of the antiparallel magnetic alignment, the majority spin electrons in 
the first contact become minority spin electrons in the second and vice versa. 
Tunnelling for either set requires therefore a transfer at one or other of the interfaces. 
This creates a spin filter where the current in the parallel configuration is very much 
greater than the current in the antiparallel configuration, giving rise to a very large 
TMR. 
 
From the definition of TMR (pessimistic TMR) to a first approximation the 
junction acts as a perfect spin filter and the resulting TMR would be 100%. In the (001) 
direction only the electrons in the ∆1 majority spin state for a parallel magnetic 
alignment can tunnel through the barrier with significant probability. The decay rate is 
large for the minority spin electrons in parallel magnetic alignment and both the 
majority and minority spin electrons in antiparallel magnetic alignment. These states 
therefore can’t tunnel through the barrier. However, experiments have found this not to 
be the case with maximum values around 79% [Lee 2006 ].  Off axis the symmetry 
restriction weakens allowing minority carriers from the Fe to transfer into the MgO ∆1 
band and hence tunnel across the barrier. It is clear therefore that the calculation of the 
transfer between the bands at the junction interfaces off axis is crucial to the 
understanding of the observed TMR in this system. 
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6.5 The simple coupling model 
 
To calculate the transfer of an electron incident in the Bloch state e
ik.r
uk(r) from 
the Fe contact into the MgO insulator we need to match the reflected and transmitted 
states across the whole surface. Matching the cell periodic parts, uk, ensures the 
symmetry conservation across the interface and can give rise to a rich structure in the 
transmitted and reflected states [Inkson 1980]. To obtain a simplified solution to the 
problems we use the k.p method to model the states in the MgO around the band gap. 
This method has been successfully used to describe the coupling of the complex band 
structure in the past [Cardona 1966, Ko 1988]. 
 
A Bloch wave function satisfies the wave equation  
 
( ) ( ) ( )rrrpˆ
2
1
k
r.k
kk
r.k2
ueEue
m
ii
=





+ φ  ,    6.5.1 
 
where pˆ  is the momentum operator, ∇− hi and φ(r) is the potential. Equation 6.5.1 can 
be rearranged in terms of u
K
:
  
 
( ) ( ) 0ˆ.
22
2
222
=





−∇+





−− rpkr kk u
mmm
k
E
hhh φ  .   6.5.2 
 
We aim to find a solution around the Γ point where k is small rather than a general k 
value. The pk ˆ.  term is then a perturbation that calculates the solution at a finite k.  
 
We use a simple basis at the Γ point comprising only the ∆1 states at the 
conduction and valence band edges and the doubly degenerate ∆5 states (ψ∆ 51( ), 2( )) at the 
valence band edge c.f. Fig 6.3(b). This gives a simple 4x4 matrix to solve, sufficient for 
our needs. Along the (001) direction, the complex band structure in this model consists 
of a ∆1 band connecting the valence and conduction bands and the heavy mass ∆5 bands.  
Off the symmetry axis (k||≠0) the basis states mix and this gives a modification to the ∆1 
complex band with the ∆5 states coupled into the state.  
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Taking the top of the valence band at 0eV and the bottom of the conduction band 
at the an energy equal to the band-gap, Eg, the matrix for a general wave vector (kx, ky, 
kz) is given by: 
 
0
               0               0      
0                              0      
0               0                     
          
*
*
*
=
−
−
−
−−−−
=−
ε
ε
ε
ε
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e
x
y
e
x
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e
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e
x
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e
x
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ijij
p
m
k
p
m
k
p
m
k
p
m
k
p
m
k
p
m
k
E
EH
h
h
h
hhh
,  6.5.3 
where  p
i
= C p i  ,        6.5.4 
  
ε = Ek −
h
2
k
2
2m
e
 ,       6.5.5 
 
C  is the conduction band state and i  represents the three valance band states.  
 
Calculating the determinant of the matrix we find a quartic equation in terms of 
ε. There is always a doubly degenerate solution at ε = 0. From symmetry this represents 
the doubly degenerate ∆5 bands for the (001) direction. The remaining quadratic 
expression gives the solution 
 
2
222
2 4
2
1
2
1
e
gg
m
pk
EE
h
+±=±ε  ,     6.5.6 
 
where p
2
 = p
x
2
 = p
y
2
 = p
z
2
  and k
2
 = k
x
2
 + k
y
2
 + k
z
2
.   
 
 This state represents the coupling of the valence and conduction bands with the 
weighting of the i  dependent on k. For most semiconductors we can expand the root 
term to give an expression for the effective mass of the conduction band and low mass 
valence bands as 
 
  139
eg
e
mE
p
m
m
2
*
2
1+=
+
 ,       6.5.7a 
eg
e
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*
2
1−=
−
 ,       6.5.7b 
where m
+ 
refers to the conduction band minimum and m
–
 to the light hole valance band. 
The k.p method has shown that the calculated effective mass agree particularly strongly 
with the experimental results for 2-6 compounds [Harrison 1970]. These relations show 
that the effective mass of the bands depends strongly on the band gap. The second term 
in both expressions can be large so as the band-gap decreases the effective mass also 
decreases. In the case of zero band-gap the effective mass is also zero.  
 
 
Figure 6.4. k.P band structure using a basis of three valence 
bands, the ∆1 band and the doubly degenerate ∆5 bands, and 
the one ∆1 conduction band. The complex band linking the 
two ∆1 bands is indicated by the dotted line. 
 
Although this model successfully describes the effective mass of the ∆1 bands it 
fails to predict the effective mass of the ∆5 bands. The qualitative k.p band structure is 
plotted in Fig. 6.4. Although the curvature of both the ∆1 bands is correct, the curvature 
of the ∆5 bands is of the wrong sign. Since the ∆5 tunnelling state plays no significant 
role this is not a problem. To get a more accurate description of the band structure we 
would require a larger basis of states. This would include the four states of our 
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simplified basis and also the doubly degenerate ∆5 states and the ∆2’ state in the 
conduction band. However, the physics will not change nor the result because of the 
high effective masses involved. 
To calculate the TMR we need to analyse the wave function of the electrons off 
axis within the insulating barrier in more detail. The tunnelling electrons must be in a 
linear superposition of each of the 4 basis states described by   
 
ψ = α C + β X + χ Y + ι Z[ ]e ik.r ,     6.5.8 
 
where α, β, χ and ι are constants. Examining our original matrix representation we have 
four expressions linking the four unknowns: 
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h
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and  
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The wave function becomes 
 
  
ψ = α C + hpkx
ε±me
X +
hpk
y
ε±me
Y +
hpk
z
ε±me
Z
 
 
 
 
 
 e
ik .r
 .   6.5.9 
 
If we first consider the evanescent state in the (001) direction so that kx = ky = 0 and       
kz
2
 = –γ2 . From expression 6.5.6, for the energy of the state to be real 
 
2
22
0
2
2 4
e
g
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p
E
γh≥  or 
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mE
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0 ≤γ      6.5.10 
 
Since tunnelling is dominated by energies at mid-gap 
 
0γγ =  ,        6.5.11 
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and  21=α  .                  6.5.12 
 
The on axis wave function simply becomes 
 
( ) r.k
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e
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±
∆ ε
γ
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ψ∆1(iγ) is the ∆1 evanescent state in the 001 direction. What we require is the change in 
ψ∆1 off axis i.e. ψ∆1(iγ, k||) which will not be pure ∆1 symmetry.  
 
 The ∆5 state is defined at k|| = 0 or kx = ky = 0. From the original matrix equation 
the ∆5 states are set at ε = 0. So from expressions 6.5.8(a) – 6.5.8(c) the constants α and 
ι must be zero and the normalisation of the ∆5 state is given by 
 
β 2 + χ 2 =1 .        6.5.14 
 
The key result is by calculating the form of the ∆1 wave function we are free to choose 
the form of the ∆5 wave function as the states must be orthogonal to each other and are 
restricted to the XY plane. Thus the states X  and Y  are combinations of the two ∆5 
states, ∆5(1) and ∆5(2). The two ∆5 wave functions then become 
 
ψ
∆5
(1)/(2)
= β (1)/(2) X + χ (1)/(2) Y[ ]e ik.r .     6.5.15 
 
The wave function at k|| = 0 must be in a state of pure ∆1 symmetry. As we move off axis 
we get intermixing of the ∆5 states. From 6.5.9, 6.5.13 and 6.5.15 the total tunnelling 
wave function for the ∆1 band is then given by 
 
Ψ∆1 (iγ,k|| ) =
1
1+ S2k||
2
ψ∆ 1 (iγ) + Sk||ψ∆ 5
1( ) + Sk||ψ∆ 5
2( )( ) ,  6.5.16 
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and k|| is the component of the effective wave vector of the electrons parallel to the 
barrier in the first electrode. S is the mixing parameter and is a function of the complex 
wave vector band gap and effective masses of the conduction and light hole bands.  
 
The key result is that the coupling-in of the ∆5 states/symmetry is linearly 
proportional to k|| to first order. In the energy range for tunnelling (i.e. mid-gap) and for 
MgO parameters, S
2γ2 is of the order of unity and the value of S doesn’t depend much 
on the band gap as shown by figure 6.5. Although the coupling increases as the band 
gap reduces the biggest effect arises from the effective mass dependence.  
 
As we move off axis (k|| ≠ 0) the intermixing of the bands becomes possible. The 
important factor is then S
2
k||
2
. For most wide gap insulators γ is large so S has a very 
small k|| dependence. When k|| = 0, there is no transfer between the ∆5 and ∆1 states. As 
k|| increases, the coupling also increases. For the band gaps reported from experiment 
for MgO, 8eV [Whited 1973], the increase is small with a maximum of 0.35. As the 
band gap decreases, the mixing increases. However, the symmetry restricts the mixing 
of the states making a fundamentally different approach to the tunnelling in comparison 
to the simple models as described previously in chapters 4 and 5.  
 
 
Figure 6.5. Graph showing the variation of S on axis (k|| = 0) with the 
effective mass of the ∆1 conduction band in the barrier, m*, and the band 
gap, Eg, at low k|| 
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The low voltage transmission through the barrier is determined by solving the 
Schrödinger equation in the three regions of the MTJ and follows the standard free 
electron type matching in the usual way but allows for a full variation in the effective 
masses in the three regions (m1
*
, m2
*
, m3
*
) so as to represent different possible materials 
or bands. 
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where  γ
2
E,V , x( ) = k||2 + m2
m1
 
 
 
 
 
 k0
2
− k⊥
2
− k||
2
−
x
d
k
v
2 
 
 
 
 
  .              6.5.23 
 
E is the energy of the incident electron, V is the applied voltage, k⊥ (q⊥) and k|| (k||) are 
the components of the effective wave vector of the electrons perpendicular to the barrier 
in the first (second) electrode. kv and k0 are effective wave vectors describing the 
applied voltage and barrier-height respectively (defined in terms of m1). γ2(E,V,x) is the 
decay constant within the barrier. 
 
The tunnelling current density J for each tunnelling channel j is then found in the 
usual way by summing over all tunnelling states.  
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where k
r
2
= k⊥
2 + k||
2 and cj is the transfer probability at the interface. From 6.4.16 cj is 
unity for the direct channel, proportional to k|| for a transfer at a single interface and k||
2
 
for two. 
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6.6 TMR of an Fe(001)/MgO(001)/Fe(001) system 
 
We now use the above model to describe the Fe(001)/MgO(001)/Fe(001)  
system. For reference we will also model the same system within a model (the “simple 
model”) where both contacts and the barrier are described in terms of simple free 
electron bands albeit with effective masses and barriers chosen to give the relevant 
density of states/tunnelling parameters (i.e a model where crystal symmetry plays no 
part).  
 
From band structure calculations we find that the Fermi width of the ∆1 Fe(001) 
band is 1eV. The effective mass has been fitted to the electronic structure to be 1me
 
[Calloway 1977]. Likewise for the ∆5 bands the Fermi width is 0.45eV and an effective 
mass of 2.3me can be estimated.  For the symmetric model calculations we use the 
parameters proposed by Davis
 
[Davis 2000]. The Fermi levels are 2.25eV and 0.35eV 
and effective mass are 1.27me and 1.36me for spin up and down bands respectively.  
 
The MgO barrier layer has a direct band gap at the Γ point and is found from 
experiment to be of the order 7.5eV [Wulfhekel 2001] with the electron effective mass 
in both the Γ-X direction and the Γ-L direction equal at 0.35me [Xu 1991]. When the 
band structure of Fe matches onto the band structure of a wide gap insulating material, 
the Fermi energy is usually found to be in the middle of the band gap. As with 
Wulfhekel et al.
 
[Wulfhekel 2001] we then take a barrier-height of 3.75eV. 
 
To illustrate the key role played by the interface transfer we show in Fig. 6.6 the 
transmission coefficient (normalised to the maximum for the given parameters) for the 
spin up electrons with the electrodes in both parallel and antiparallel alignment as a 
function of k|| for barrier thicknesses of 2nm and 4nm. 
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Figure 6.6. Variation of the transmission, |ciT|
2, with the effective wave vector to 
the interface, k||, on the majority spin up current in parallel alignment (a) and 
antiparallel alignment (b) for thicknesses of 2nm (i) and 4nm (ii). 
 
For spin up majority electrons in the parallel alignment configuration the 
electron bands match directly onto the evanescent bands in the barrier at both interfaces 
(ci=1) and the highest transmission is for incident electrons perpendicular to the barrier, 
k||=0, in classical terms corresponding to the minimum tunnelling distance. As the 
insulating barrier is made thicker the transmission is increasingly localised around k||=0. 
If we consider equation 2 and expand the expression for small k|| we find that 
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( ) ( ) ( )2||2|| exp0,, kkTkkT η−= ⊥⊥  ,     6.6.1 
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The strong dependence upon the barrier thickness, barrier-height and the 
effective mass ratios is clearly shown and η is a key design parameter. 
 
For the antiparallel transmission (spin-up) the interface band coupling ci is 
proportional to Sk|| and so the transmission is proportional to k||
2
. This moves the peak in 
the partial conductance to a finite k|| determined by the balance in the strength of the 
exponential decay factor and the increasing coupling. This is in agreement with ab initio 
models of this system [Zhang 2004, Butler 2001, Mathon 2001]
 
where the off axis peak 
in the transmission coefficient shows up clearly for the minority current. As the 
insulating layer becomes thicker the peak in the transmission moves closer to the origin 
and so, because of the k||
2
 factor, the minority current decreases more rapidly than the 
majority current. In effect with increasing thickness the junction becomes a more 
efficient spin filter. 
 
Fig. 6.7 shows the low voltage TMR as a function of the thickness of the barrier 
layer for a range of interband coupling strengths (by scaling the S mixing parameter). 
The calculated TMR for the Fe(001)/MgO(001)/Fe(001) system, corresponding to Fig 
6.7(b), is in good agreement with ab initio models [Mathon 2001, Zhang 2004]. As 
expected, when the coupling is zero (Fig. 6.3(a)) there is no mechanism for the minority 
spin carriers to transmit and the system is a perfect spin filter and the TMR is 100% for 
all barrier thicknesses. As the coupling rises, the TMR decreases significantly as the 
minority channel becomes available. The TMR increases with barrier thickness for all 
coupling values. 
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Figure 6.7. Dependence of the magnetoresistance on the thickness of the MgO layer and the 
coupling between ∆1 and ∆5 bands. (a)-(c) Fe(100).MgO(100)/Fe(100) coupling model. (a) 
coupling=0, (b) coupling=1, (c) coupling=2, the dotted line represents the analytic solution with 
coupling =1 and (d) Simple model (dashed line). 
 
The key dependencies of Fig. 6.7 can be understood by taking the low (~0) 
voltage limit and using equations 6.6.1 and 6.6.2 to simplify the integral for both the 
parallel and antiparallel current by restricting the integral to k⊥~ kF and k//~η-1. Since the 
TMR is dependent only upon the ratio of the two currents most factors cancel and we 
are left with the simple form 
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where Λ is given in the case of identical contacts by 
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U0 is the barrier-height, the EF’s denotes the bandwidth of the symmetry bands 
in the contacts and all other terms have their usual meanings. Maximising TMR requires 
minimising Λ; this requires a large majority/minority carrier mass ratio and a small 
effective mass within the barrier. We note that in the low voltage limit the TMR is 
independent of voltage in agreement with experiment
 
[Yuasa(2) 2004] and that for 
d>1.5 nm the simple functional form fits the numerical result well. 
 
In contrast to the spin filter mechanism noted above in the simple model the 
transmission mechanism is identical for each spin channel and the TMR is dominated 
by small differences in the balance of the currents driven by the density of states 
function [Zhang 2004]. These difference have less effect as the barrier thickness 
increases and the current is restricted to k||≈0. The resulting TMR, Fig. 6.7(d), is both 
qualitatively and quantitatively different. It shows a marked TMR decreases with 
increasing thickness but is little affected for thicknesses above 30Å in agreement with 
the calculations of Montaigne et al. [Montaigne 2000]. 
 
Experimentally, for (001) oriented crystalline MgO based tunnel junction, giant 
room temperature pessimistic TMRs of the order 64% have been obtained with Fe 
electrodes [Yuasa(2) 2004, Tiusan 2006]. With highly ordered CoFe electrodes a 
pessimistic TMR of 69%
 
[Parkin 2004]
 
has been achieved all in broad agreement with 
the magnitudes presented in Fig 6.7. An increase in the TMR with barrier thickness was 
found in agreement with our model. 
 
More recently amorphous CoFeB electrodes on a crystalline (001)MgO layer 
have demonstrated a pessimistic TMR of 50% [Hayakawa 2005] following annealing at 
270°C.  However the junctions exhibit a marked increase in the TMR to 73% after 
annealing at 375°C to produce crystalline (001) oriented electrodes. Once again the 
TMR increases as thickness of the MgO layer increases in agreement with Fig. 6.7 and 
the discussion above. Dimopolous et al. [Dimopolous 2005] sputtered electrodes to 
form a Co50Fe50/MgO/Co50Fe50 junction with no evidence of electrode crystallinity. The 
TMR in this case decreased rapidly with thickness of the insulating layer as one would 
expect from a situation where the interface scattering was strong and non-specific. 
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6.7 Summary 
 
By incorporating the key band structure elements of the contacts and barrier 
materials within a quite simple model we have shown that the magnetoresistance of the 
Fe(001)/Mgo(001)/Fe(001) tunnel junction can be calculated. The results are in good 
qualitative agreement with other more complex calculations and have the advantage that 
the results can easily be related to the key parameters of the junction so that the 
sensitivity of the TMR to material and junction parameters can be understood as an 
important design requirement. 
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Appendix 6.1 Character tables for the point groups Oh , D4h and C4v 
 
Oh E 3C
4
2
 6C4 6C2 8C3 J 3JC4
2
 6JC4 6JC2 8JC3 
Γ1 1 1 1 1 1 1 1 1 1 1 
Γ2 1 1 -1 -1 1 1 1 -1 -1 1 
Γ12 2 2 0 0 -1 2 2 0 0 -1 
Γ1′5 3 -1 1 -1 0 3 -1 1 -1 0 
Γ2′5 3 -1 -1 1 0 3 -1 -1 1 0 
Γ1′ 1 1 1 1 1 -1 -1 -1 -1 -1 
Γ2′ 1 1 -1 -1 1 -1 -1 1 1 -1 
Γ1′2 2 2 0 0 -1 -2 -2 0 0 1 
Γ15 3 -1 1 -1 0 -3 1 -1 1 0 
Γ25 3 -1 -1 1 0 -3 1 1 -1 0 
 
Table 6.1a Character table of the group of k at Γ. 
 
 
D4h E 2C
4
2 
  ⊥ C4
2 
   || 2C4   || 2C2 J 2JC4
2
 
⊥ 
JC
4
2 
   || 2JC4   
|| 
2JC
2
 
X1 1 1 1 1 1 1 1 1 1 1 
X 2 1 1 1 -1 -1 1 1 1 -1 -1 
X 3 1 -1 1 -1 1 1 -1 1 -1 1 
X 4 1 -1 1 1 -1 1 -1 1 1 -1 
X 5 2 0 -2 0 0 2 0 -2 0 0 
X 1′ 1 1 1 1 1 -1 -1 -1 -1 -1 
X 2′ 1 1 1 -1 -1 -1 -1 -1 1 1 
X 3′ 1 -1 1 -1 1 -1 1 -1 1 -1 
X 4′ 1 -1 1 1 -1 -1 1 -1 -1 1 
X 5′ 2 0 -2 0 0 -2 0 2 0 0 
 
Table 6.1b Character table of the group of k at X. 
 
C4v E C
4
2 
   || 2C4   2JC4
2
 ⊥ 2JC2 
∆1 1 1 1 1 1 
∆2 1 1 -1 1 -1 
∆5 2 -2 0 0 0 
 ∆1′ 1 1 1 -1 -1 
∆2′ 1 1 -1 -1 1 
 
Table 6.1c. Character table of the group of k along the line ∆. 
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Chapter 7. Conclusions and  
future work 
 
 Within this thesis a simple and effective analytic model has been developed to 
describe the tunnelling magnetoresistance (TMR) through an 
Fe(001)/MgO(001)/Fe(001) magnetic tunnel junction (MTJ).  
 
 The former state of the art had left significant scope for improvement. The 
standard theories used to interpret MTJs are either simple analytic [Simmons(1) 1963] 
or numerical [Mathon 1999]. The Simmons model is found to consistently 
underestimate the barrier-height of the MTJ as it does not contain the correct physics 
required to model MTJs. Therefore it is unlikely that these results are of any real use. 
Although the numerical analysis is useful to describe the behaviour of MTJs the 
methods are not practical for experimental use. 
 
 A base numerical model was developed to describe the tunnelling current 
density through a MTJ. The key physics for tunnelling through MTJs was investigated 
such that an accurate analytic model could be produced. The standard method involves 
the use of WKB wave functions to describe the electron within the insulator region. 
This approach was found to be restrictive to the tunnelling current giving unphysical 
tunnelling probabilities for quite modest voltages. A quasi-analytic Enhanced WKB 
(EWKB) model was developed to remove this artefact. By correctly considering 
realistic MTJ parameters, the key result was found to be the correct handling of the 
effective masses in each of the three MTJ layers. The extracted barrier-height of 
between 3.5eV and 4eV is much higher and closer to the half band-gap result expected 
for tunnelling. It is then clear that the correct treatment of the parameters produces a far 
more realistic result. The key parameter which can be extracted from I-V characteristics 
is the product 
b
Vdm
* , where m
* 
is the effective mass of the electrons in the barrier, d 
is the effective thickness of the barrier and Vb is the effective barrier height. Since the 
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curves of the product are similar, a separate estimate of one of the parameters is 
required to characterise the junction.   
 
The analytic solution is a transparent model in which the key material 
parameters are visible and simple enough to be used by experimental researchers for 
interpretation of MTJs. For realistic barrier materials this analysis was found to produce 
small errors (<3%) well within the experimental error. The correct accurate modelling 
of the exponent is paramount for fitting to I-V characteristics. However, the accurate 
modelling of the prefactor is crucial to estimating the TMR. Comparing the analytic 
result to the numerical analysis provided fundamentally the same results. Furthermore a 
Julliere-like model was predicted for the case of thick barriers, as expected. The 
exponential factors of the analytic calculation cancelled to leave the ratio of the 
prefactors of each tunnelling spin state. A simplified analytic result was produced that 
was in excellent agreement with the numerical solution and experimental results. The 
presence of a direct thickness, effective mass, and barrier-height dependence showed 
the correct TMR dependence.  
.  
A simplified numerical and analytic model has been developed to describe the 
TMR through a crystalline Fe(001)/MgO(001)/Fe(001). The calculation is based on the 
free-electron-like numerical solution providing a functional dependence of the TMR. 
The results were found to be in excellent agreement with the ab initio models and 
experiment.  
 
Furthermore a simplified analytic expression was developed where the TMR is 
dependent on the band-widths of the tunnelling electron states, the coupling and the 
thickness of the barrier. These key parameters of the MTJ are transparent so the 
enhancement of the TMR can be realised. This would allow a separate investigation into 
the variation of the TMR into these crystalline systems. In this approach we have 
investigated the most frequently used barrier (MgO). However, a large thickness is 
required to approach a system of a perfect spin filter, which is unphysical. Our 
functional analysis allows the key parameters to be tuned and other materials 
investigated to find a filter where the TMR approaches 100% for much lower 
thicknesses. This is of key benefit to enhancing the TMR in these systems. 
 
Each of our models developed in chapters 4, 5, and 6 are limited to the case of 
tunnelling in the low bias regime. At low bias the spin independent effects are found to 
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be small. These effects should not affect our general low bias result and our calculation 
stands by itself. Our simple tunnelling model would be used to describe MTJs 
consisting of amorphous barriers. The electronic band structure of these materials is 
expected to vary from the band structure of the bulk material. Rough surfaces would 
contribute to the channelling and increased voltage dependence of the conductance 
through the barrier. Thus the tunnelling would be dominated by the smallest decay rate. 
The system would remain spherically symmetric as no preference of the states would be 
found. The simplest description would require an average decay rate modelled by an 
effective barrier-height, thickness and effective mass, to which extent the analysis 
presented can easily be extended to. 
 
 The model is also restricted to zero temperature. A finite temperature will smear 
the Fermi level, change the exchange splitting and modify the density of states in the 
electrodes. In particular phonon-electron scattering will alter the decay rate in the 
barrier. These can be easily modified in the numerical analysis. Consideration would 
also have to be made to the many different tunnelling channels the most significant of 
which is the potential tunnelling over the top of the barrier. This will have the biggest 
effect on junctions where the barrier-height is small.  
 
 The models developed within this thesis are based upon barriers with sharp 
interfaces and smooth potentials. For simplicity these models only consider coherent 
tunnelling across the barrier where electrons in a given spin state in the first electrode 
are considered to tunnel across the barrier into the same spin state in the second 
electrode. The fabrication process is usually not perfect and defects can occur at the 
interfaces and within the insulating barrier. These effects add to the probability of spin 
flip scattering, give a spin independent contribution to the tunnelling current and add 
extra terms to the Hamiltonian. However these effects are more likely at high voltages 
and would need to be considered to extend the model.   
More realistic barrier structures would also consider a varying potential across the 
barrier but this can easily be incorporated into the function describing the potential.  
 
In conclusion we have developed an effective and practical analytic model, 
which can be used to describe experimental MTJs and extract the realistic barrier-
heights and thicknesses. We have also produced a simple numerical analysis of the 
crystalline Fe(001)/MgO(001)/Fe(001) tunnel junction and interpreted an analytic result 
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based on the band-widths of the electrodes, barrier-thickness and the coupling of the 
minority spin electrons into the main tunnelling state. This model allows for a simple 
description of the TMR of experimental systems which had previously not been 
available. 
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